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For the Riemann zeta-function on the critical line the terminal estimate have 
^ ; been proved, which had been conjectured by Lindelof at the beginning of this 
2 Centure. The proof is based on the authors relations which connect the bilinear 
forms of the eigenvalues of the Hecke operators with sums of the Kloosterman 
! sums. By the way, it is proved that for the Hecke series (which are associated 
^ ■ with the eigenfunctions of the automorphic Laplacian) the natural analogue of the 
Gn ■ Lindelof conjecture is true also. Bibl. 14. 
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0.1. The main result. 

One of the two main problems in the theory of the Riemann zeta-function is 



H ' the question: what is the order of this function on the critical line? 

In this work I prove the following assertion: the Lindelof conjecture for the 
Riemann zeta-function is true. Moreover the natural analogue of this conjecture 
for the Hecke series is true also. 

It means that we have the following two theorems. 

Theorem 1. Let £(s) be the Riemann zeta-function which is defined for Re s > 1 
by two equalities 



n=l 
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where p runs over all primes. Then for any e > 

|C(l/2 + **)| «t £ (0.2) 

as t — > -foe. 

Theorem 2. Let Hj(s) be the Hecke series which corresponds to j-th eigenfunc- 
tion of the automorphic Laplacian for the case of the full modular group. Then for 
any fixed j > 1 and for any e > we have 

\Hj(l/2 + it)\ «f (0.3) 

as t — > -foe. 

§1. INITIAL IDENTITIES 

To prove (0.2) and (0.3) I use the following known facts. 

1.1. The fore— traces. 

I restrict myself by the case of the full modular group T. 

Let Ao = < Ai < . . . ^ Aj ^ . . . are the eigenvalues of the automorphic 
Laplacian C = — y 2 + ~§y^j- It means for A = Aj there is non-zero solution 
of the equation 

Cu = \u (1.1) 
with the conditions u(^z) = u ( cz+d ) = u ( z ^ ^ or an ^ 7 ^ ^ and 

(u,u) = J \u(z)\ 2 dfi(z) < 00 
r\H 

(here dfi(z) = y~ 2 dxdy is the T-invariant measure on the upper half plane EE; 
r\H is the fundamental domain of the full modular group T). 

The continuous spectrum of this boundary problem lies on the half-axis A ^ 
1/4; this spectrum is simple and the corresponding eigenfunction is the analytical 
continuation of the Eisenstein series E(z, s). This series is defined by the equality 

E(z,s)= Yl ( Im ^) S (1-2) 

for z G EI and Res > 1; here Too is the syclic subgroup which is generating by the 
transformation z 1— ► z + 1. 

For all s we have the absolutely convergent series (the Fourier expansion). 
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Theorem 1.1. (A. Selberg, S. Chowla [1]). Let z = x + iy, y > 0; then 

E(z,s) =y s + ^j^V 1 - 3 + Yljs(n)e(nx)^K s _ 1/2 (27r\n\y) (1.3) 

where e(x) = q 2itix } 

d|n,d>0 v 7 



«*) = 7r- s r( s )c(2 S ) (1.5) 

and K u {-) is the modified Bessel function (the Mcdonald function, which is de- 
creasing exponentially at +oc) of the order v. 

Each eigenfunction uj of the discret spectrum has the similar Fourier expansion, 
but without zeroth term: 

Uj(z) = ^/y^2 pj{n)e{nx)K l>{j (27r\n\y) (1.6) 
Here pj (n) are the Fourier coefficients of Uj and for j ^ 1 



*j = V A ^ " V4- (1.7) 

Note that in the case of the full modular group Ai « 91.14 (it is the result of 
the computer calculations; see [14], p. 650-654). 

We choose uj be real and each eigenfunction is even or odd under the reflection 
operator (T_i/)(z) = f(—z); so we have 

T-iUj = ejUj (1.8) 

with £j = +1 or £j = — 1. 

Furthermore, it is possible take these eigenfunctions by such way that they are 
the eigenfunctions for all the Hecke operators. 

Let us define the n-th Hecke operator T(n) by the equality 

(T(n)/)(z) = ^E £ (1.9) 

ad=n b(modd) 
d>0 
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then we have for all integers n, m ^ 1 

T(n)T(m)= £ T (^) = T(m)r(n). (1.10) 

d\ (n,m) 

We take the common system of the eigenfunctions for C and for all T(n), n ^ 1. 
In this case we have for all n ^ 1 and j ^ 1 

Pji n ) = PjWtj(n), Pj(-n) = £jpj(l)tj(n), (1.11) 

where £j (n) are such (real) numbers that 

T(n)^=^(n)^, (1.12) 

We have the following splendid expressions for the bilinear forms of these eigen- 
values tj(n). 

Theorem 1.2. (N. Kuznetsov [2], R. Bruggeman [3]). Let h(r) be an even func- 
tion in r which is regular in the strip |Imr| ^ A for some A > 1/2 and wich is 
O (M _2-<5 ) for some 8 > when r — > oo inside of this strip. Then for any integers 
n,m ^ 1 

oo 



^a J t J (n)t J (m)/i(x J ) + i ^ r 1/2+ir (n)r 1/2+ir (m) y^- + 2 

-oo 

oo 



+ 2ir)p 



— OO 



^x(^) + XI ~^^ n ' m;c ^ ( ~~~~~ ) ' ( L13 ) 

c>l c v c / 



u>/iere 

a- = (coshyrxj) -1 !^^!)! 2 , (1-14) 
2 

d>x( u ) = — w tanh(7r?i) cfai, (1-15) 

7T 

S denotes the Kloosterman sum, 

na + md 



5(n,m;c)= ^ ef 



(1.16) 



a(modc) 
ad=l(modc) 
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and with notation (J u {-)- the Bessel function of the order v) 

1 

k (x, v) = — - (J 2v -i(x) - Ji-2 V (x)) (1-17) 

2cos{7riy) 

the weight function in the sum of the Kloosterman sums is defined by the integral 
transform 

oo 

<p(x)= J k (x, 1/2 + ir)h(r)dx(r). (1.18) 



-oo 



The identity (1.13) is called "the Kuznetsov trace formula"; I think the more 
preferable say "fore-trace". In the reality the famous Selberg trace formula (for 
the full modular group and for congruence subgroups) follows from (1.13). So the 
set of these identities with all n, m ^ 1 may be considered as the set of primary 
equalities to construct the trace formulae (and a lot of others identities). 

1.2. The regular case. 

The first example of the similar identities is the classical Peterson formula. 

Theorem 1.3. (H. Peterson). Let fj^ be the orthogonal Hecke basis in the space 
M.k of cusp forms of an even weight k, — dimA^fc and tj^{n) are the eigen- 
values of the Hecke operators Tk{n) : M.k — ► M-k under the normalization 

(T k (n)f)(z) = „<*-'>/* E i E / (^) • (I-") 

d>0 b(modd) V y 

ad=n 

Then we have 

Y^\\fj,k\\~ 2t j,k(n)t J ^(m) = 5 njm + 27ri- k ^2-S(n,m;c)J k -i \ nm \ . 

j=l c>l C \ C J 

(1.20) 

Note that for k = 2,4,6,8, 10 and 14 the sum on the left side (1.20) is zero, 
since v k = [k/12] if k ^ 2(modl2) and v k = [^] - 1 for k = 2(modl2) (here [x] 
denotes the integral part of x). 

1.3. The sum of the Kloosterman sums. 

We can invert (1.13) (and the similar identity with ejotj instead of aj which is 
expessed in terms of S(n, —m; c)) and we shall assume that the sum of Kloosterman 
sums is given rather than the bilinear form in the Fourier coefficients. 
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Theorem 1.4. (N. Kuznetsov [2], [4]). Let <p G C 3 (0,oo), <p(0) = <p' {0) = and 
assume that <p(x) together with its derivatives up to third order is 0(x~^) for some 
(3 > 2 as x — > -f oo. Then, for any integers n, m ^ 1, we have 



El . . / 47TA/nm\ v-^ / \ / m / \ 
-S(n,m;c)(p I I = ^ a^j (n)^-(m)/i(x 7 -)+ 

c^l v ' J>1 



oo 

1 /" /i(r) 

- J r 1/2+ir (n)r 1/2+ir (m) ^ - 2ir) | 2 rfr + 



oo 

1 

+ 

7T 

— oo 

+ S ^,2/o^,2fe(n)^,2fc(m), (1.21) 

where h and g are defined in terms of (f by the integral transforms 



oo 



fc (aM/2 + irMaO — , (!- 22 ) 



oo 



= (2k -I) I J 2k -i(xMx)— (1.23) 
J x 



and aj,2fc is written instead of ||/j,2fc|| -2 - 

The proof may be found as well as in [4] and (in more general situation) in 

[5],[11]. 

Theorem 1.5. (N. Kuznetsov [4], M. Huxley [5]). Assume that to a function 
ifj : [0, oo) — > C the integral transform 



oo 



/dx 
K 2 ir(xU(x)— (1.24) 
X 



associates the function h satisfying to the conditions of Theorem 1.2. Then, for 
this ip and for integers n, m ^ 1, we have 

El n/ . , / 4irJnm \ y—^ , . , . , . . 

-S{n, -m; c)ip ( J = ^£ j ajtj(n)t j (m)h{K j )+ 

c^l ^ ' j^l 



oo 



1 /" /i(r) 
+ -y r 1/2+ , r (n)r 1/2+ , r (m) - ^Tp dr. (1.25) 



— oo 
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Note that (1.24) is true if h is satisfying to conditions of Theorem 1.2 and, for 
a given h, the taste function on the left side is defined by the integral transform 



oo 



4 f 

ip(x) = — / K2ir(x)h(r)r smh{irr)dr. (1-26) 



— oo 



The pair of transforms (1.24) and (1.26), which are inverse to each other, is 
the Kontorovich-Lebedev transform. 

1.4. The Hecke series. 

The Hecke series Tij(s) and Hj^(s) are defined for Res > 1 as 

oo oo 

7^( S ) = 5>"%(n), H 3 , k (s) = J2n- s t 3 , k (n). (1.27) 

n=l n=l 

Here tj(n) and £j,fc(n) are the eigenvalues of the Hecke operators in the space 
of the cusp forms of the weight zero and the even positive k correspondingly. 

The Hecke series which corresponds to continuous spectrum of the automorphic 
Laplacian is 

oo 

C v (s, x) = J2 n" s r l/ (n)e(nx), e(x) = e 2lTlx . (1.28) 

n=l 

The following assertions are well known. 

Theorem 1.6. The Hecke series Tij(s) and 7ij,/c(s) are the entire functions and 
these series have the functional equations of the Riemann type: 

Hj(s) = (47r) 2s_1 7(l - s, 1/2 + cos(tts) + e 3 - cosh( 7 rx i ))^ j (l - s), (1.29) 

Hj, k (s) = -(4tt) 2s - 1 7 (1 - s, k/2) cos(7rs)^ J , fc (l - s) (1.30) 



where 



7 (u, v) = i2 2u - 1 r(« + v - l/2)V(u -v + 1/2). (1.31) 

7T 
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Theorem 1.7. Let x be rational, x = - with (d, c) = 1, c ^ 1. Then for v ^ 1/2 
£/ie onfo/ singularities of C v (s,d/c) are simple poles at the point si = v + 1/2 and 
S2 = 3/2 — with residues c~ 2 "(,(2is) and c 2v ~ 2 C l {2 — 2v); the function jC(s,d/c) 
has the functional equation 

x {- cos^A, (l - s, + sin(7rz/)£^ (l - s, } , (1.32) 

where a is defined by the congruence 

ad = l(modc). (1.33) 



1.5. The Ramanujan identities. 

Let 

Z( g ;,, M ) = C(2 g )f: r - (n) ? (n) ; (1-34) 

n=l 

this series converges absolutely if Res > 1 + |Re(i^ — 1/2) | + |Re(/x — 1/2) |. The 
Ramanujan identity ([12], 1.3) gives the explicit expression for this function. 

Theorem 1.8. 

Z(s; v, fi) = ((s + v — fi)((s -v + fi)C(s + V + l)C(s - u - fi + 1). (1.35) 

The analogues of this identity for the Hecke series are the consequence of the 
multiplicative relations (1.10) for Hecke operators. 

Theorem 1.9. Let Res > 1 + |Re(z/ - 1/2) |; then 

oo 

C(2s) n- s T v (n)t 3 (n) = Hj{s + v- l/2)Hj(s - v + 1/2), (1.36) 

n=l 

oo 

C(2s) n- s T v {n)t^ k {n) = Hj, k (s + v- l/2)H jtk (s -v + 1/2). (1.37) 

n=l 
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§2. FUNCTIONAL EQUATION FOR THE FOURTH MOMENTS 
We define the fourth moments of the Hecke series by the equalities 

Z^ d \s,-u]p,ii\hQ,hi) = ^2aj(ho(xj) + £jhi(xj))x 

x Hj(s + v- l/2)Hj(s -v + l/2)Hj(p + p — l/2)H 3 (p -p + 1/2), (2.1) 

= ^29{k) ^3,2kHj,2k{s + y-l/2)Hj^k{s-y + l/2)x 

x Hj,2k(p + P - l/2)Hj,2k(P " M + 1/2). (2-2) 

It would be assumed here and further that Re^ = Rep = 1/2; then the first 
series is the result of double summation 



X 

n s m p 



X 



Y^ a 3 + £jhi{xj))tj{n)tj{m) ] , (2.3) 



if Res, Rep > 1; the function Z( r \s, v\ p,p\g) is defined by the similar way for 
these values of s,p. 

The corresponding moment for the continuous spectrum is 



oo 



Z^\s^-p,p\h) = ^ J Z(s- i/, 1/2 + ir)Z(p;p, 1/2 + ir) ^ dr (2.4) 



— oo 



with the condition Res, Rep < 1 (for Re^ = Rep = 1/2); here Z is defined by 
(1.35). 

The same integral (2.4) with Res, Rep > 1 we denote by Z( c ' + ) (s, v\ p, p\h). 
The main purpose of this section is the correction of the proof of Theorem 15 
from [6]. 
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2.1. The Mellin transform for the integral (1.18). 

Let for a given h the function ip is defined by the integral transform (1.18). 
First of all I give the explicit form of the Mellin transform for this ip. 

Proposition 2.1. Let h(r) be the even function which is regular in the strip 
|Im r\ ^ A, A > 1/2, and \h(r)\ decreases faster than any fixed degree of r 
when r — > oo in this strip. If if is defined by the integral (1.18), then the Mellin 
transform of cp is given by the equality 



oo 



tp(2w) = J (f(x)x 2w - 1 dx=^2 2w - 1 cos(7rw) J T(w + iu)Y(w - iu)h{u) d X (u). 

-oo 

(2.5) 

This function is regular in half-plane Re w > — A excepting simple poles at w = 
— 1/2, —3/2, —5/2, .. . and for any fixed Re w we have 

oo 

fi(2w) = 2 2w cos(7rw)w 2w - 1 e- 2w [ ( 1 + + + ... ) h(u) d X (u) 



w W A 



-oo 



(2.6) 

as w — > oo; here pi,P2, ■ ■ ■ are polynomials of degree 2, 4, . . . , 
Pi(z) = z 2 + i p 2 (z) = \z A + \z 2 + p 3 (2) = ^z 6 + ^z 4 + ^-z 2 + 



6 " w 2 3 72' " ow 6 4 24 1620 

(2.7) 

To prove these assertions we assume firstly that Re w G (0, 1/4). For this case 
we can integrate term by term and the known table integrals give the equality 
(2.5) for < Re w < 1/4. 

The regularity (p{2w) for Re w > is obvious. In the strip — 1 < Re w < we 
have 

(p{2w) = --2 2w+2 wsm(7rw)T(2w)h(iw) + 

TT 



2 

+ 



oo 

2w 



2tt 



ccb ( ™) / !■(«, + »)!> -iu)h(u) d X (u). (2.7) 



— OO 



Let |Rew| be small and Rew > 0. Move the path of integration in (2.5) to the 
new path C made up of 
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C\\ line segment — oo to — |Imu>| — 5,5 > Rew, 

C2: anticlockwise semicircle centre — |Imi(;| radius 5, such that the point — iw is 
lying above the path, 

C3: line segment — |Imw| + 5 to llmw] — 5, 

C4: clockwise semicircle centre |Imif| radius 5 (the point iw is lying below the 
path), 

C5: line segment |Imw| + 5 to +00. 
For Rew > we have 

(j)(2w) = — 27riRes u= -i w + 27riRes 



U = IW 




Note that the sum of residues at the points u = ±iw is the first term in (2.7). 

But the integral over C is regular for — 1 < Re w < and for the case Re w < 
we can integrate over the real axis again; it gives us the equality (2.7). 

By the similar way we can receive the analytical continuation in the strip 
— 2 < Re w < — 1 (if A > 1) and so on; so (p{2w) is regular in the half-plane 
Re w > —A excepting those poles of T(2w) which are not compensated by zeroes 
of sin 7tw. 

After that we use the Barnes asymptotic expansion ([7], 1.18). Namely, let 
B n (z) are Bernoulli polynomials (Bq = 1, Bi=z — l/2, B2 = z 2 — z + 1/6, -83 = 
z 3 — |z 2 + \z, . . . ). The Barnes expansion is the asymptotic series 

log V(w + z) = (w + z - 1/2) logw - w + i log(27r) + Q(w, z) (2.8) 

with 

Q ( ,,,) = ^-ftW + ... + (-l)^W + ... ; ( 2 . 9 ) 
l-2w 2-6w z n{n+l)w n 

this expansion holds if w — > 00, |argw;| < 7r and z = o (| w | 1//2 ) . 

For any fixed M and for = \w\ £ with the arbitrary small (but fixed) e > 
our integral (2.5) equals to 

J (...)d X (u)+0(\w\- M ), 

\u\^u 



since we assume the very fast decreasing of h. 
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For \u\ ^ uo we can use the Barnes expansion; it gives the asymptotic equality 
r(w + z)T(w-z) = 27rw 2w - 1 e- 2w exp (q(w,z)+Q(w,-z)^ = 

= 27Tw 2w - 1 e- 2w -(l + Q{w, z) + Q{w, -z) + ^(q{w, z) + Q(w, -z^j\. . }j . 

Taking the finite number of terms from this expansion we write integral in the 
limits (—00, +00) again and come to (2.6). 

2.2 The regularization of the initial identity. 

It follows from (2.6) that in the general case the Mellin transform (2.5) of the 
integral (1.18) is 0(\w\ 2Rew ~ 1 ) as w — > 00 with the fixed value of Rew, excepting 
some cases when h(u) is orthogonal to the degrees u m , ^ m ^ mo on the mesure 
dx(u). 

Nevertherless, there is the method of "regularization" of this if. We substract 
from the integral (1.18) the combination of the Bessel functions; the coefficients of 
this combination may be determined so that the difference has the Mellin transform 
which decreases more rapidly. 

This regularization is very essential for our proof and it will be used later many 
times. 

Proposition 2.2. Let L = {li, . . . ,ljy} be finite set of integers, 1 ^ l\ < I2 < 
. . . < In, N ^ 1. Let the function h be taken under assumptions of Proposition 
2.1 with the additional conditions h(i(l — 1/2)) = for 1 ^ I ^ A — 1/2. 
We define N coefficients c(l) from the linear system 



00 



^(/-l/2) 2m (-l) z c(0 = (-l) m J u 2m h{u)d X {u), (2.10) 



Let 

$ N (x) = <p(x) - ^c(0J 2 z-i(*), (2.11) 

Z<EL 

where cp is defined by the integral transform (1.18) of this h; then the Mellin 
transform of this difference, 



00 

,2w-l 



$ N (2w) = J $ N (x)x Zw - L dx, (2.12) 
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is the regular function in the half plane Rew > max(— A, —l\ + 1/2) and for any 
fixed Re w we have 



as w — > oo. 



Really, 



<C \w 



\2Rew-N-l 



(2.13) 



oo 



/ 



J 2 i-i(x)x 2w - 1 dx = 2 



>2tw 



_ 1 r(/-i/2 + w) 
r(z + i/2-w) 



l 



= " 2 2 ™- 1 (-l)< C0S(7TW)T(W + Z 

7T 



l/2)r(u;-/ + l/2). 



Now we have for large \w\ (and fixed Rew) 



$ N {2w) = 2 2w cos{7rw)w 2w - 1 e- 2w x 

Pi(iu) P2(iu) 



oo 

x</(l + 

-oo 



W 



+ ...) h(u)dx(u)- 



E( _ 1)!c(/) ( 1 + n(i-m + vi(i-im 

leL v 



+ 



(2.14) 



(note that two line segments \u\ ^ \w\ £ for any fixed e > give 0(|iy| M ) for any 
M ^ 6; so the Barnes expansion is used for \u\ ^ \ w \vare P stion only). 

If c(l) are defined by (2.10) then the terms w~ k with ^ k ^ N — 1 are 
cancelled. It gives the estimate (2.13). 

Now we rewrite the initial identity (1.13). 

Proposition 2.3. Let h(r) be an even function in r, regular in the strip \Imr\ ^ A 
with some A > 3/2 and let \h(r)\ decreases faster than any fixed degree \r\ as 
r — > oo in this strip; in addition we assume h{[l — l/2)i) = for 1 $C / $C A + 1/2. 
Let be defined by (2.11) with coefficients from (2.10); then for any integers 
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n, m ^ 1 we have 

oo 



^ ^ /• h(r) 

^a j t j (n)tj(m)h(x j ) + - J r 1/2+ir (n)r 1/2+ir (m) + 2 ir)| 2 ^ = 

J^ 1 -oo 

-5(n, m; c)$jv ( — J + 

c ^i c V c / 

+ ^E(" 1 )' C ( / ) E ^,2^(n)^(m). (2.15) 

This equality is the immediate consequence of the Peterson identity (1.20). 
Writing 

If = $N + ^2c(l)J 2 l-l, 

leL 

we get the sum of the Kloosterman sums with the test function n and the finite 
number sums where the test function is the Bessel function of odd order. The 
singular term with 5 n ^ m contributes 

oo 

~^n,m ^(-l)'c(/) = ~S n , m J h{u) d X (u). (2.16) 
1<EL -oo 

(the equation (2.10) with m — 0). So the term with 5 njTn is disappearing and we 
come to (2.15). 

2.2 The functional equation. 

Theorem 2.2. Let two parameters v, p are taken with conditions Rev = Rep = 
l/2 ; v ^ 1/2, p ytz 1/2 and two variables s,p are taken inside of the narrow strip 
5/4 < Re s, Rep < 5/4 + e with small (but fixed) s > 0. 

Let 3> n for a given h, which is satisfying to all conditions of Proposition 2. 3, 
be defined by (2.11) with N ^ 1 and l\ ^ 2 Then we have 

(s, v- p, p\h, 0) + (s, v- p, p\h, 0) = 

= Z^\ Pj v- s, p\h 0j /ii) + Z( c '+)(p, v- s, p\h , h^ + Z^ip, v- s, p\g)+ 

+ ^-^2(-l) l c(l)z 2 i(s, v\ p, p)+ll h (s, is; p, p)+TZ h (s, \-v lP , p)+ 



2tt 

1<EL 



+1l h {p, p; s, v)+7l h (p, 1 - p; s, v) (2.17) 
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where Z21 are defined by (2.27), c(l) are taken from (2.10), 



K h (s, v; P, p) = 2(47r) 2s - 2 - 1 $ iV (2 i ,+l-2 S ) • % p)C ^ ] Z(p+v; s, p) (2.18) 

C(2p+2z/) 

and the coefficients ho,hi,g are defined by equalities 

ho(r) = h (r;s,v,p,n) = 

= — ij j(w, 1/2 + ir)^{p — w, v)"f(s — w, p) cos irwx 

(A) 

x (cos7r(/9 — w) cos7r(s — , u;)+sm7r^sin7r/i)^ > 7v(2i(; — 2s — 2p + 2)rfw, (2.19) 



h 1 (r) = h 1 (r;s,u,p,p,) = 

= — ij r ){w 1 1/2 + ir)^{p — w, v)~f{s — w, p)ch(7rr) x 



(A) 



x $_/v(2u> — 2s — 2p + 2) ^cos 7r(s — it;) sin7r^+cos 7r(p — w) sin7r pjdw, (2.20) 



g(k) = g{k;s,iy,p,p) = 



2(2fc-l) / r(fc- 1/2 + 



ttz 7 r(fc + 1/2 - «;) 

(A) 



2 j(p-W,1/)j(s-W,fJL)X 



x$tv(2w — 2s — 2p + 2) ^cos7r(/9 — it;) cos7r(s — w)+sin7r^sin7rpj<i'u;, (2.21) 

where A is iafcen mi/j condition < A < min(Re s, Rep). 

Before proving of this identity I give the following simple estimate. 

Proposition 2.4. Let s and v are fixed and a = Res G (1/2, 1), Re^ = 1/2; then 
for any d with condition (d, c) = 1 we have for any s > 



d' 



«c 1 - CT+£ , 



(2.22) 
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as an integer c — > +00. 

If Res ^ 1 + e then C u (s, |) is bounded uniformly in c. 

For the case Res = — e we have from the functional equation (1.32) 

\Cu{s^)\ « s ,,c 1+2£ . (2.23) 

Now (2.22) follows from the Phragmen-Lindelof principle. 
After this we return to (2.17) and consider the triple sum 

C(2* X (2„) Y. ^^£>M $N (^p) (2.24) 

n,m^l c^l 

where instead of $ at we can write the Mellin integral 

$ N (x) = — [ $ N (2w)x- 2w dw. (2.25) 
m J 

(5) 

Under our assumptions §n(2w) is regular for Kew > — min(A, 3/2) and we 
have the estimate (2.13) with N ^ 1. As the consequence we have |$jv(^)| <^ 
min (a: 3 ,x _1+e ) for any s > (since A > 3/2 we can take 5 = —3/2 in (2.25) if 
x — > 0; the integral is absolutely convergent for Rew < 3/2 and when x — > 00 we 
can take 5 = 1/2 — e, s > 0). 

The triple sum (2.24) equals to (we use (2.15)) 

Z^(s, 1/; p, n\h) + Z( c '+)(s, 1/; p, p|/i) - -L ^(-l) z c(/)z 2Z (s, 1/; p, p) (2.26) 
where 

= X^,2^,2z(s+^-l/2)^^ 

(2.27) 

On the other side, as the consequence of the Weil estimate, we have for any 
£ > the majorant 

Y Y n-^m-^d(m)d(n)d(c) ^ c) min((^) 3 , (^) 1 ~ 2e ) (2.28) 
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for the series in (2.24) ((n,m,c) is the greatest common divisor of n, m, c; and 
G\ = Res, (i2 = Rep ). This series converges for <Ti,cr 2 > 5/4. 

It means the series in (2.24) converges absolutely and we can sum in any order. 
Doing the summation over n, m in the first line, we get for our triple sum the 
expression 

((2s)((2p) 1 TW^r^ro) f - / 47Tv/nm\ " 2 ™ 

— — > - > - ; v J S(n,m;c) $ N (2w) [ — dw. 

Hi ^ c ^ n s mP J \ c / 

(2.29) 

Here for any fixed 1 we can take (and take) 8 G (0, 1/2); under this condition 
our integral converges absolutely and the inner double sum is 

J {i^) 2W ®*(?w)C v (s + w^Cp (p + w,^j dw. (2.30) 

a(modc) 
ad=l(modc) 

To receive the new expression we move the path of the integration to the left on 
the line Rew = 5± so that g\ + 8i, 02 + £1 < 0. Four poles at w = 1 — s±(v — 1/2) 
and w = 1 — p±(p — 1/2) (where £^ (s + u>, -) and (p + u>, -) have the residues 
c -2±(2 I ,-i)^ 1 ± q v _ ^ and c -2±(2 M -i)^ 1 ± ^ _ correspondingly) give us 

the terms 

2C(2 5 )C(2p)^ C(2 ^ )(4 J 2 ) s 2S " 2 ^ 1 ^iv(2^+l-2 5 ) cJp+»+l/2-sA + 

c^l ad=l(modc) 

+ {the same with v replaced by 1 — 1;}+ 
+ 2C(2 S )C(2p)^ C(2M)(4 J 2 ) p 2P " 2M " 1 8„(2/x + 1 - 2p) £ ^(s+M+l/2-p,^ + 

c^l adEl(modc) 

+ {the same with // replaced by 1 — /x}. (2.31) 
Under our assumption we have |Re (p — s)\ ^ s; so 



f p + v + l/2-s, ^ 



<C c £ (2.32) 
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and all series in (2.31) are convergent absolutely and they define the regular func- 
tions in p and s. If Re (p — s) > then we have 

E ^^+V2- s fE^ (2-33) 

and 

E i E £ « 6> + v + V2 - «, ~) = T7^Z(P + "i *. /*)■ (2-34) 

c^l (d,c)=l V / y 

The analitical continuation of these equalities gives four terms with $jv on the 
right side (2.17). In the integral on the line Kew = — Si we use the functional 
equation (1.32) and we come to the expression 



C(2s)C(2p)J2- E 

x < 5(n, m; c)<^o ( J + ^(^j — ^5 c)<^i (n, — m; c) > (2.35) 

where for x > <^o and are defined by the integrals 

ifo(x) = (p (x;s,v,p, p) = — x 2s+2p ~ 2 I j(l-s-w,u)'y(l-p-w,fjb)x 

ITT J 

(Si) 

x ^cos7r(s + w) cos7r(/9 + w) + sin 7rzy s\nir p^j<& n {2w)x 2w dw , (2.36) 
<Pi(x) = <Pi(x;s,i/,p, p) = -— x 2s+2p ~ 2 I 7(1 - s -w,v)~f(l -p-w,p)x 

ITT J 

(Si) 

x ^cos7r(/9 + w) sin7r^ + cos7r(s + w) s\nirp^j<S>N{2w)x 2w dw] (2.37) 
it is possible take here any 5\ with —3/2 ^ 5\ < min(l — Res, 1 — Rep). 
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Both integrals (2.36) and (2.37) and the triple series (2.35) converge absolutely 
if 5/4 < Res, Rep < 5/4 + e for some small e (it is assumed Re^ = Re^ = 
1/2, vj=l/2,n^l 1 2) . Really, we have 

(p (x) = o(m&x(x 2Res ,x 2Rep )^ as x -> (2.38) 

and for any s\ > 

<Pj(x) = o(x 2Res+2Rep - 7+£1 ^ x -> +oc. (2.39) 

Since (the Weil estimate again) \S(n,m;c)\ ^ (^l 2 d{^{m,n,c) x l 2 we have the 
majorant 

m^n^ \\ c J \^/rrvn J J 

where o\ = Res, oi = Rep and, for definiteness, we assume G\ > o~2- Note 
< o\ — 5/4, cr 2 — 5/4 < £ for some small £ > 0; under this condition the triple 
majorising series with terms (2.40) converges. 

It means we can change the order of summation in (2.35). 

Now we consider the inner sum of the Kloosterman sums. We would use 
identities (1.13) and (1.25) with the given h on the right side. 

The reason of this manner is very simple: the conditions of my foretrace for- 
mulae with a given taste function in front of the Kloosterman sums are farther 
from necessary than the similar conditions for the case of the given taste function 
on the other side. 

Proposition 2.4. Let Re s, Re p G (5/4, 5/4 + e) for some small e > 0; let ho (r) 

and g(k) are defined by (2.19) and (2.21); then for any integers m,n ^ 1 we have 
for Re^ = Re^ = l/2 

El n/ . / 47r V 'mn\ y—^ . 
-b{n,m;c)ipo I I = } j ajtj(n)tj(m)ho{xj) + 

c^l° \ C J 

oo 

+ Wy Mf) dr+ £ g[k) £ a^Mn^Mm)- (2.41) 

— oo fc^6 
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The function ho(r) coincides with the integral transform 



oo 



h = 7rj ko(x, l/2+ir)<po(x) 



dx 

x 



— i J j(s+p+w — 1, l/2+zr)7(l — s — w, — p — w, p) cos7r(s+/9+w) x 

(A) 

x ^cos7t(s+k;) cos7r(/9+'u;)+sin7r^sin7r^^ > Af(2i(;) dw (2.42) 

(if |Imr| be small and A be taken with condition 1 < A + 2a < 5/4, a = Res = 
Re/9, then we can integrate in (2.36) under the sign of integral over w). 

One can see that ho(r) is regular in r at least for |Imr| < 2a + A — 1 and we 
can take any A with 1 — a — A > 0; the strip of regularity is the strip |Imr| < 
a « 5/4. Ifr^oo inside of this strip we have | /10(f) I = O (l r l~ 5 ^ 2 ) uniformly 
in Imr, |Imr| < a. To find this estimate we move the path of integration to 
the left on the line Rew — Ai, A = —a\ — a 2 + 1/4 (w —9/4). The residue at 
if = — s — p + 1 — zr is O (jr\~ N ~ 5 / 2 ) as it follows from the Stirling expansion; the 
same is true for the residue at w = — s — p — ir. On the line Rew = Ai we have 

\j(s + p + w — 1, 1/2 + ir) cos7r(s + p + w)\ <C 

0\ (T1+1T2+A1 — 3/2 / \ 
|r| 2 - \w\ 2 \ + 1J exp f min (0,tt(H - |r|)) j; (2.43) 

so the part of this integral with \w\ > |r| is exponentially small and it is sufficient 
consider the integral with \w\ <C \r\. 

If \w\ ^ 2\r\ then the integrand in (2.36) may be estimated as 

« fll^-H^ + ^'^^dH + l) 1 -"—^. (2.44) 



Let Ai = A + <7i + (i2 {a \ = Re s, <J2 = Rep); if ^ Ai ^ 1/4 then we have 

\r\/2 

|/io(r)|« y Irl^-^fz + l)-^" 1 -^^ 


|r|-l |r| + l 

+ J |r|- 5 / 2 - jV (|r|-7 7 ) Al_3/ %+ J |r|- 5 / 2 - 7V d7 7 « |r|- 5 / 2 (2.45) 

kl/ 2 



THE TRUE ORDER OF THE RIEMANN ZETA-FUNCTION 



23 



for any N ^ 1. 

So all conditions of theorem 1.2 are fullfilled and first two terms on the right 
side (2.41) are equal to the sum of the Kloosterman sums with the taste function 



oo 



<Po(x)= J ko(x,l/2 + ir)h (r)d X (r), (2.46) 



— oo 



and with term which contains 8 n , m - 

One can see the integral (2.46) gives that component of cpo which is orthogonal 

( H) 

to all Bessel's functions of the odd integer order. Let this component is (f Q ; then 

ifo = ^ H) +A/", (2.47) 
where J\f is the corresponding Neumann series, 



OO 

oo „ , oo 



Af(x) = ^2(2fc-l)J 2fc _i(a;) / ip (y)J2k-i(y)— = Y,9(k)J2k-i(x) (2.48) 

k=i { y k=i 

with g(k) from (2.21) (again we can integrate term by term; after the calculation 
we change wbyw — s — p+1). 

Taking in (2.21) A = — 1 + e with small e > (it is possible, since Re (w — s — 
p + 1) > — | on this line) we come to the estimate 

\g(k)\^k- 2+2£ . (2.49) 

It rests use the Peterson identity and we get (2.41), since the singular term 
wich S n ^ m disappears (see [2]). 

Proposition 2.5. Under the same assumptions we have 

El ri/ . / 4:Ti J nm \ / n / m / x 

-S(n,-m;c)pi ( J = ^ a j ejt j (n)t j (m)h 1 (>c j )+ 

C>1 ^ ' 7^1 



oo 



1 /" dr 
+ -y ri /Wr (n)ri /Wr (m)fei(r) - (2.50) 



— oo 
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with hi from (2.20). 

We define h\ by the integral transform 



oo 



/dx 
ifi(x)k 1 (x,l/2 + ir) — , (2-51) 

o 

where for x > 

2 

ki(x, v) = — sm7risK2v-i(x) (2.52) 

7T 

The term by term integration gives for this function the representation (2.20). 
The function hi is satisfying to the same conditions as ho; it is sufficient to have 
(2.50) if ipi be defined by the integral transform (1.26) of hi. But this integral 
coincides with <pi if hi be defined by (2.51). 

The union of all previous equalities and two last propositions gives us (2.21) 
if Res, Rep > 5/4 and both differences (Res — 5/4), (Rep — 5/4) are sufficiently 
small. 

2.3. The meromorphic continuation. 

Let us introduce the following notation 

n(s, i/; p, p\h) = 2 ||^7^y ^(p; M - * + ^ " ^ " 1/2)) (2.53) 

(it is the residue at the point r = i(s — v — 1/2) of the integrand in the definition 
Z( c ' + )(s, v\ p,p\h) with the additional factor 2m). 

Proposition 2.6.. Let h be a regular even function in the sufficiently wide strip 
|Imr| ^ A, A > 1/2 and let \h(r)\ <C \r\~ B for some B > 5/2 as r — > oo in this 
strip. Then for 1/2 ^ Res < 1, 1/2 ^ Rep < 1 the meromorphic continuation of 
Z( c,+ \s,v; p, p\h) is given by the equality 

Z^ + Xs,v-p^\h) = Z^{s,v-p^\h)+ 

+ TZ(s, v\ p, n\h)+ TZ(s,l-v; p, p\h)+TZ(p, p; s, v\K) +TZ(p, 1-//; s, (2.54) 
Really, 



oo 



— oo 
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and we have the Cauchy integral, because £ has only a simple pole. 

The product Z(s; v, 1/2 + ir) has the poles at the points rj, 1 ^ j ^ 4, with 

zri = 1/2 — s + z/, ir2 = 3/2 — s — v ) ir$ = — ri, ir4 = — r2- 

When Res > 1 the points r\,ri are lying above the real axis and if Res < 1, 
they are below the same. Now one can deform the path of integration (see picture; 
the deformation must be so small that the functions £(1 ± 2ir) have no zeros in 
side the lines; it is possible, since the Riemann zeta-function has no zeros on the 
line Re s = 1). 



The path of integration I. 
Firstly we fix p, Re p > 1; if Re s > 1 we have 

Z^ + \s,v-p,p\h) = ^ J (...) dr + U(s,v] p, p\h) + U(s,l - v- p, p\h)- (2.56) 

(0 

it is the result of the direct calculation of the residues. But for Re s < 1 we have 
Imri, Imr2,< and Imr^, lmr4 > 0, so we can integrate over the real axis, 

oo 

J(...)dr= J (...)dr. 

I — oo 

Doing the same with a fixed s, Re s < 1, we get the continuation in the variable 
p (for what it is sufficient to permute the pair of variables); it gives the equality 
(2.54). 

As the consequence we can rewrite Theorem 2.2 and get our functional equation 
inside of the strip 1/2 ^ Re s, Rep < 1. 

Theorem 2.3. Let h(r) be the even regular function in the strip |Im| r ^ A for 
some A > 5/2, h(i/2) = h(3i/2) = and \h(r)\ <C \r\~ B for any fixed positive B 
when r — > oo inside of this strip. 
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Let §n be defined, for this given h, by (2.11) with N ^ 1 and 
Then for any s,v,p,/j, with Rev = Re^ = 1/2, v, \i ^ 1/2 and 1/2 ^ 
Re s, Re p < 1 we have 

(s, v- p, fi\h, 0) + Z< c > (s, v- p, /i\h, 0) = 

= Z^(p, v- s, fi\h , hi) + Z (c) (y9, s, //|/i + hi) + Z (r) (y9, s, p\g) + 

+ ^~ X^" 1 )^)^ 5 ' ^ ; ^ + 
+7^h(s, f; p, n)+n h (s,l-v; p, /j,)+n h (p, /u; s, v)+1l h (p,l- s, z/)- 

^|/i)+7£(s,l-i/; id\h)+Tl(p, ji; s, +7?-(yO,l — yu; s, H^))+ 

+7l(p, v\ s, /i|/z,o + /ii)+^(/C,l-^; s, fi\ho + hi}±- 

+7£(s, / u;,9, i/|/i + /ii)+^(s, l-^p, v\h Q + hi) (2.57) 

where ho, hi and g are defined by (2.19)-(2.21) with N ^ 1, /i ^ 1 and 7£h, 7£ 
are ^wen fry the equalities (2.18), (2.53). 

§3. SPECIALIZATION OF THE MAIN FUNCTIONAL EQUATION 

3.1. The choice of variables. 

To estimate |C(l/2 + it)| for large positive t we use the following specialization 
of the functional equation (2.57): 

i) we take in this identity 

s = M = 1/2, z/ = 1/2 + i£,p = 1/2 + ir, (3.1) 

where t and r are large, t — > +oo and r ^> £ 4 ; we assume that for some fixed 8 > 
the parameter t is larger than r 5 and at the end we will take t « r 1 / 8 ). 

ii) we assume that for all real r 

h(r) > (3.2) 
and this h satisfies to all conditions of Theorem 2.3; 

iii) for the choosen h we suppose 

/oo 
k (x,l/2 + iu)h(u)dx(u) -^c(l)J 2M (a;), (3.3) 
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where L contains 5 elements 

£ = {2,3,4,5,7} (3.4) 

(these concret elements are taken since the spaces of the corresponding cusp forms 
of the weight 21, I G L, are empty; so sums Z21 on the right side (2.57) are zeroes). 

The coefficients c(l) in (3.3) are defined by equalities (2.10) with N = 5, so the 
Mellin transform of <I> is 0(|u>| 2Rew-6 ) if w — > 00 and Kew is fixed. 

For our specialzation we have on the left side (2.57) the very fast convergent 
series 

Y,^\U j {v)\ 2 H 2 j {p)h{H j ) (3.5) 
and the similar integral over the continuous spectrum. 

3.2. The averaging. Let Tq be sufficiently large and T = Tq~ £ with small fixed 
e > 0. We suppose 

u T {p) = i(cos ^(p - 1/2 - ^o))" 1 (3.6) 

and consider the average of our functional equation (2.57) with variables (3.1) over 
variable p with weight ujt{p)- 

The average of is the integral 

i J u T {p)Y J ^n^)\ 2 n 2 j {p)h{H j )dp (3.7) 

(1/2) i^ 1 

where we can integrate term by term under our conditions for h. 
All integrals 

i J u T {p)H 2 {p)dp (3.8) 

(1/2) 

may be calculated over the line Rep = 2, where 7ij is the absolutely convergent 
series and we have 

\ J u T ( P )H](p)d P = T £ (M f + M")-' (3-9) 

(1/2) n ' m ^ 1 
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(we use the so called Ramanujan integral here). 
The series on the riht side (3.9) equals to 

r(i + o(2- r )) (3.10) 

and the main term is positive. 

Doing the same in the integral over the continuous spectrum we come to the 
following expression for the average on the left side 

i J ^ T (p){^ (d) (l/2^;p,l/2|/i,0) + ^ c )(l/2^;p,l/2|/i,0)}^ = 

(1/2) 

= T{^a i |^(,)| 2 M^) + i /^ ' C(y |^ ( 3 - n ) 

Really, we can integrate over p under the sign of integration in r. When we 
move the path of integration to the line Rep = 2 the additional terms will be 
appeared from the poles of ( 2 (p + ir)( 2 (p — ir). But the products h(r)u>T(l ± *r), 
h{r)uj' T {\ ± ir) are 0{T~ M ) for any positive M . 

The upper bound for this expression will be received by the same averaging on 
the right side. 

Here we have the products Hj(p + v — \/2)TLj{p — v + 1/2)7^(1/2) in the sum 
over the discret spectrum and Z(p;v, l/2 + ir)Z(l/2; 1/2, 1/2 + ir) in the integral, 
but coefficients ho and hi are depending in p also and we must receive the explicit 
formulas for them. 

For this purpose we will express these coefficients in terms of the integrals with 
two hypergeometric functions. 

For large values r, t and r we can write the full asymptotic expansions for these 
hypergeomtric functions. It allows us receive the sufficiently exact estimates for 
the average on the right side. 

As the result we have the upper bound for (3.11) in the form 



J2 «^ 2 (l/2)+ £ 0,^2^73(1/2) + 0(32-*) (3.12) 

xj ^ V% V%< Xj < 2T J 



plus the similar sum over regular cusp forms (see § 9). 

These mean values are known and it gives the estimate 0(T 1+£ ) for (3.11); of 
course, it is sufficient to prove (0.2) and (0.3). 



THE TRUE ORDER OF THE RIEMANN ZETA-FUNCTION 



29 



§4.NEW REPRESENTATIONS FOR THE COEFFICIENTS 

4.1. The definition of the kernels A jk . The Mellin integrals (2.19)-(2.21) are 
very convenient in general theory, but these ones are not good for the special cases 
when one (ore more) variable is large. There is other form which is more suitable 
for the estimation in these cases. 

We define four kernels Ajk(r, x;s,u), ^ j, k ^ 1, by the equalities 

oo 

(47r) 2s-1 J 4o_ ) (r, x; s, v) = ttx / k (y, 1/2 + ir)kj(xy, v)y 2s - l dy, j = 0, 1; 

{ (4-1) 



OO 



(4jt) 2s 1 A lj (r,x;s,v) = irx I k 1 (y,ll2 + ir)k 1 . j (xy,v)y 2 '> 1 dy, J = 0,1; 

{ (4-2) 

here ko(x J i') and ki(x,v) are defined by (1.17) and (2.51) correspondingly. 

The integral for Aqq is absolutely convergent in the strip 1/2 > Res > |Imr| + 
|Re [y — 1/2) | and all others are convergent in the halfplane Re s > |Im r | + |Re [y — 

1/2)1- 

Note the kernels Aqj have a sense for r = ±i(Z — 1/2) with an integer I since 

k (y, I) = k (y, l - I) = J2i-i(y) 

and the corresponding integrals (4.1) with / = — 1/2) are convergent for 
1/2 > Res > -I + 1/2 + \Re(v - 1/2)|. 

4.2. The explicit formulas. Here (and for what will be later on) it is convenient 
rewrite the explicit formulas for Ajk from [8] (with the additional representations 
which are the immediate consequence of the Kummer relations between the Gauss 
hypergeometric functions of arguments x, 1 — x, ...). 
It is very essentially for us that the function 

T(x;s,v,r) = \x\ ir+1/2 (1 -x) s F{s + v- 1/2 + ir, s-v + l/2 + ir; l + 2ir; x) (4.3) 

(here the usual notation for the Gauss hypergeometric function is used; it is as- 
sumed that x be real and x < 1) is a solution of the differential equation 

d lL + {_^ (s-l/2) 2 { (,-1/2)3 | + N. Q 

dx 2 \x 2 (1 — x) x (1 — x) 2 x (1 — x) 4x 2 (1 — x) 2 J 

It gives the possibility find the asymptotic expansions for T if at least one 
parameter be large (see §5). 

The first assertion about Ajk follows directly from the definition. 
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Proposition 4.1. Let Ajk are defined by two integrals (4-1) and (4-2). Then 
these functions for any fixed positive x and for any fixed v with Rev = 1/2 are 
regular in s and r if Res > \Imr\. 

The formulas for Ajk below give us the meromorphic continuation of these 
functions; the result of this continuation we will denote by the same symbol. 

Proposition 4.2. Let us introduce the notations 

a = s + v -1/2 + ir, b = s - v + 1/2 + ir, c = 1 + 2ir, (4.5) 

a' = s + v - 1/2 + ir, b' = s - v + 1/2 + ir, c' = 1 - 2ir. (4.6) 
With these notations for ^ x < 1 we have 

(27r) 2s - 1 A 00 (r J x;s J u) = 

1 ( . , ,r(a)r(a') 9 „ . 9, 

= Bin7r(s + i/) , \ x lv F(a,a':c: x 2 )+ 

2cos7Ti/V r ( 2i/ ) 

+ sin n(s - v) x 2 - 2 ^ F(6, 6'; 2 - 2^; x 2 )) (4.7) 



Proposition 4.3. Lei x > 1; i/ien we /mve 

, n i . / x ^ 1_2s / / ,r(a)r(6)^, 7 i N 

(2.)--^ 00 (r, *; a, „) = ^cos + «-)+±±±F(a, b;c;- 2 )- 

- cos n(s - ir) F(a>, 6'; c'; 1)) (4.8) 

The next representation gives the union of the previous ones. 
Proposition 4.4. For all x ^ 

(27r) 2s_1 A o(r,^;s,i/) = sinyrs r(2s-l)|x 2 -l| 1 - 2s ^F(l-6, 1-b'; 2-2s; l-z 2 ) 

r(a)r(a / )r(6)r(6 / ) / l2 • 2 . 2 n , n , 2 n 

+ w v 7 v ; \ ' (cosh 2 yrr + sin 2 -kv - sin 2 7rs)x 2iy F(a, a'; 2s; 1 - x 2 ) (4.9) 
2tt cos7rsr(2s) 

Two kernels Aqi and Aiq are exponentially small when r — ► ±oo (and s, ^ are 
o(|r|). 
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Proposition 4.5. For all x > we have 



,2s-i a < \ ixl 2s sm7riy fT(a)T(b) 1 



r(g')r(6') i\ 
^-ir( C ') f(o ' t:c; ~^J (4 ' 10) 



and £ae same kernel equals to 



sin7r(s + i/) x 2u F{a,a'; 2v\ -ar)+ 



2cOS7Ti/V " F ( 2i/ ) 

+ sin7r( S - ^ T( ^f 2 - 2u m b'; 2 - 2«/; -x 2 )) . (4.11) 

Proposition 4.6. For all x ^ we aave 

(27r) 2s - 1 A 10 (r, x- s, v) = coshyrr sinn ^^^^^ x 2 » F(a, a'; 2s; 1 - x 2 ); 

7rr(2s) 

(4.12) 

at £ae same time this kernel for ^ x < 1 equals to 
cosher /r(a)r(a') 2l/E1 . . 2 . r(6)r(6 / ) 



^F(a, a'; 2i>; * 2 ) - I^Eg^^. 2 _ 2l/; ^ 



2cos7ri/V r ( 2i/ ) 

(4.13) 

and 

2sinh7rr U c_1 r(c) 1 ' ' ' x 2 ' x"'- l T{c') { ' ' ' x 2 ') ( ' 
if x > 1. 

Finally, for the last kernel we have 
Proposition 4.7. Let An be defined by (4-2); then for all x > 

, n ^2s-l a , x ixl ~ 2S ( , • J(o)r(&) n , , 1. 

(2tt) 2s 1 A 11 (r,x;s.v) = — — cos7r(s + 2r) y _ ) { F(a, b; c; --~)- 



2sinh7rr\ v x c_1 r(c) ir 2 

l F(a ',fe' ;C ';_^)) (4.15) 



. £(aW) 
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and this kernel equals to 

-x 2v F(a,a';2v; -x 2 )- 

-x 2 ~ 2iy F(b, b'- 2 - 2v- -x 2 )^j (4.16) 



coshyrr ( T(a)T(a ') lri 2 
2costt-u\ T{2v) 

T{b)T{b>) ,_ 2 „ 



r(2 - 2i/)' 

4. 3. The new representations for ho and hi. In this subsection we express 
the integrals (2.19) and (2.20) in terms of integrals with the kernels A^; it gives 
us the method to estimate these coefficients. 

Lemma 4.1. Let 

sC |Imr| < 1/2 ^ Res, Rep < \,v = p = 1/2 

and let the function h{r) be taken under all conditions of Theorem 2.3. 

Then we have the following equalities for two integrals (2.19) and (2.20): 

1 f°° 

hj = — j Bj(r,u;s,u;p,fi)h{u)dx{u) -^2(-l) l c(l)bj,i(s,v; p, p) ((4.17)) 

where for j = and j = 1 

Bj(r,u;s,v;p,p) = B j0 (r,u; s,v; p, p) + B n (r,u; s,v; p, p) ((4.18)) 

with 

Boj = j Aoj{r,y r x- 1 p,-u)Aoj{u 1 —=- 1 l-p,p)x p ~ s ~ 1 dx, (4.19) 
Jo V x 

f°° 1 

Bij = / Aij(r, Vx;p, v)A 0j (u, —=]l-p,p)x p ~ s ~ 1 dx (4.20) 
Jo \JX 

and 

bji(r;s,v;p,p) = Bj(r, -(/ - l/2)i; s, v\ p, p). (4.21) 
Furthermore, there is the symmetry 

Bj(r,u;s,v;p,p) = Bj(r,u; p, p; s,v) (4.22) 
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(the pair (s,v) have been replaced by (p, fi) and otherwise). 

The proof is based on the known Mellin's transforms for the Bessel functions: 

/ k (x,i/)x 2w ~ 1 dx = 7(>,i/)cos7ra;, |Rei/ - 1/2| < Rew < 1/2, (4.23) 
Jo 

/ k 1 (x,u)x 2w ~ 1 dx = 7(iy,i/)sin7rz/, |Rez/ - 1/2| < Rew (4.24) 

(the combinations of the Bessel functions &o and k\ are defined by (1.17) and 
(2.51), ^(WjU) is given by (1.31)). 

We substitute the definition of $ and change the order of the integration; it is 
possible since we assume the fast decreasing of h. 

We will use the folloing fact from the Mellin theory. We say that fi , fa G L 2 if 



■ 2 dx 



I |/,f-<oo. (4.25) 
J o x 



If for some A we have x A fi G L 2 ,x a A fa G I/ 2 , then for any s with the 
condition Res = a we have 

y fif 2 x a - 1 dx = ^- J F 1 (w)F 2 (s-w)dw, (4.26) 

(A) 

where the integration is doing over the line Rew = A and Fj are the Mellin 
transform fj. 
4.3.1. Function B 00 
Two functions 

fa{y) = k (y, 1/2 + ir)y 2c , fa(y) = k (xy, v)^ 8 ' 2 ^ 1 (4.27) 

for any fixed x > satisfy to condition (4.25) if for s with Res > 1/2 the parameter 
c be taken with condition 



max(0,cr - 3/4) < Rec < min(l/4, cr - 1/2), a = Res. 
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Using now (4.23) we come to the equality 
(47r) 2s_1 



= - — / 7(0 + w/2, 1/2 + ir)^{s — c — w/2, p) cos7r(c + w/2) x 

2 77/ J 

(0) 

x cos 7r(s — c — w /2)x~ s+c+w/2 dw 
= — — / 7(1 — w, 1/2 + ir)j(s — 1 + w, p) costtw cos7r(s + w)x 

7TI J 

(A) 

xx^^dw (4.28) 

(here we can take any A with 1 > A > 1 — Res). 
This equality means that two functions 

2(47r) 2s - 2 ^- 3 / 2 A 00 (r, v^;s,p) 

and 

Fi(w) = —7(1 — w, 1/2 + ir)j(s — 1 + p) cos 7ru; cos7r(s + w) 

are the Mellin pair. 

By the same way we come to the second pair 

2(4tt)- 2s x 1 / 2 -? A 00 (u, 1 - s,v) 



and 

F 2 (w) = —^f(w +1 — S — p, 1/2 + iu)~f(p — W, V) COS7r(/9 — w) cos7t(w — s — p) 

(in (4.28) we change p, r by v, u and take c = 1 — s — p). 
Using (4.26) again we come to the equality 

— / F 2 (w)F 1 (l -w)dw = 
2m J 

/7(u>, 1/2 + ir)j(s — w, p)~f(w + 1 — s — p, 1/2 + iu)j(p — w, v)x 



(A) 

x cos irw cos 7r(s — w) cos ir(p — w) cos tt(w — s — p) dw 

I f°° 1 

A o(r, y^x; s, p)A 00 (u, —=;1 — s,u) x s ~ p ~ 1 dx (4.29) 



4tt 2 J wv ' v " r/ uuv ' y/Z 
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(here max(0, Re(s + p) — 1) < A < min(Res, Rep)). 

If we take (4.28) with p, v instead of s, p and the second pair with p, p instead 
of s, v then we receive the equality 

/j(w, 1/2 + ir)^(p — w, v)~f{w + 1 — s — p, 1/2 + iu)^{s — w, p) x 

(A) 

x cos irw cos ir(p — w) cos tt(s — w) cos tt(w + 1 — s — p) dw = 

If 00 1 
= —J A 00 (r,^;p,v)A 00 (u,-j=;l-s,v)x p ~ s ~ 1 dx (4.30) 

It gives us the equality (4.19) for j = and we see that 

5 00 (r, u; s, i/; p, p) = B 00 (r, u; p, s, i/). (4.31) 

4.3.2. Function £>oi 

Using the same formulas we have 

f-OO 

2( 47r )2 P -2 / x P-3/2A 01 (r, Vx] p, v) x' w dw = 
Jo 

= 7 1/2 + ir)j(p — w,v) cos 7tk; sin 7r^ (4.32) 

and 

/.OO 1 

2(4tt)- 2 ^ / x 1/2 ~ s A 01 (u, -=-l-p, p) x w ~ l dw = 
Jo V x 

= — 7(s — it;, p)~f(w + 1 — s — p, 1/2 + m) sin 717/ cos 7t(k; — s — p) (4.33) 

As the consequence we have the equality (4.19) for the case j = 1; after the 
simultaneous change the pair (p,v) by (s,p) in (4.32) and (4.33) and taking into 
account (4.31) we come to the equality (4.22) for the case j = 0. 
4.3.3. Functions B\o and fin 

First of all we have two equalities with 7 (it;, 1/2 + ir): 

2(47t) 2s ~ 2 / x s - 3/2 An(r, v^; s, p) x~ w dw = 
Jo 

= 7 (if, 1/2 + ir)j(s — w,p) cosh ttv cos tt(s — w), (4.34) 
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poo 

2(4tt) 2p " 2 / x p - <il2 A x ^{ y p 1 ^x;p 1 v)x- w dx = 7(10, 1/2 + ir)~i(p - w,v) x 
Jo 

x cosh 7rr sin ttv (4.35) 



Furthermore, 



POO 1 

2(4tt)- 2s / x 1/2 -^ iK^;l-s,^)^" 1 da: = 
Jo V% 

= — 7(u> — s — p + 1, 1/2 + iu)^{p — w, v) siri7r^cos7r(i(; — s — p), (4.36) 



POO j 

2(4tt)- 2p / x 1/2 - s A 00 (u, -=; 1 - p, //) x w ~ l dx = 
Jo V x 

= — ry(w — s — p + 1, 1/2 + iu)~f(s — w, p) cos7r(s — w) cos7r(w — s — p). (4.37) 
It follows from these equalities that we have two representations 

i J j(w, 1/2 + ir)^{p — w, v)~i{s — w, p)~f(w — s — p + 1) x 

(A) 

x cosh 7rr sin ttv cos 7r(s — v) cos tt(w — s — p) dw = 

I poo ^ 

= — / A n (r, ^;s,p) A 01 (u, —j=\l - s,v) x 8 '?' 1 dx 

27T Jo 

If 00 1 

= — / Aio(r, v^;P, ^)^oo(«, -7=; 1 - p, //) £ p ~ s_1 cfe (4.38) 
2tt Jo 

Replacing here the pair (s,v) by (p, p) (and writing (s,z/) instead of (p, p) we 
come to the equality 

B 10 (r, u; s, v\ p, p) = Bn(r, it; p, p; s, 1/) (4.39) 



and we have (4.22) for the case j = 1 also. 

All integrals with the Bessel function J2Z-1 (instead of Jiiu) have been consid- 
ered by the same way and we can omitt the corresponding computations. 
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§5. ASYMPTOTIC FORMULAS FOR THE KERNELS 

It is necessary now write the asymptotic expansions for the Gauss hypergeomet- 
ric functions in the integral representations for hj when s = \i = 1/2, v = 1/2 + it 
and positive t and r are sufficintly large. These formulas are given in subsections 
5.1-5.5. 

Of course, these formulas must be taken from standard handbooks, but nobody 
wrote these ones. The methods of the asymptotic integration of the ordinary dif- 
ferential equations of the second order with a large parameter are well known (see, 
for example, [9]). For our kernels it rests determine the corresponding normalizing 
coefficients from the boundary conditions to write the asymptotic expansion. 

5.1. The kernel Aqi(u, x; 1/2, v). 

Let v = 1/2 + it and t — > +oc. We define two asymptotic series 

= £^, *(«,«;*) = £^ 

by the following recurrent relations: do = 1, bo = and for n ^ 

K + l = \K - /«») ~ (W + l/^CHC'bnY, (5.1) 
< = \{-K + f*nl (5-2) 



where ' = 4? and 



2,4 1 1,1 



/ = M ?-srf^ ) + 4^-^ ^ 

To integrate (5.1) and (5.2) we take the initial conditions 

b n (0) = 0, a n (0) = -(1/2 + 2mK(0); (5.5) 

note that all a n are even and all b n are odd functions in £ and for |£| < 7r they 
may be represented by the convergent power series. 

After determination a n , 6 n from the recurrent relations we define for an integer 
M ^ 1 the following segment of the asymptotic series: 

v M (t;u) = Vf-Wtf) £ £ + £ ^ (5.6) 

With this notations we have the following uniform expansion. 
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Lemma 5.1. Let t — > +00; then for real u, \u\ <C t e for some small fixed e > 
we have uniformly in £ ^ /or any /jzed integer M ^ 1 

VsinhK)Aoi(«, sinh ^ /2 ; 1/2, 1/2 + *«) = 

= ^pr^— (A(«, t)^M K; «) " A(-«, t) y M K, -«) + 0(min( v^, 4=)*- 2M " 2 )), 
2 sinn 7rn ^ ^ 



A(«, t) = t- Zlu T(l /2 + it + m)r(l/2 - it + m) cosh 7rt. (5.8) 

This assertion is the consequence of two facts. 
The first one follows from (4.4): function 

V = \/ sinh ^Aq\{u, (sinh£/2) _1 ;l/2,l/2 + &) 
satisfies to the differential equation 

v" + (t 2 + — + — = (5.9) 

sinh 2 £/2 4 sinh 2 £ 



or, the same, 

4?i 2 1 

^ + 4^ 

with / from (5.4). 

The second fact follows from (4.10): we have 



V" + (f + — + —)V = fV (5.10) 



^ii^72 ;1/2 < 1/2 + lf) = 

-r^£)(|)- 2i "( 1 + °« 2 ») ( 5 - n > 

as £ -> 0. 

The uniform nearness of the solutions of the equation (5.10) to the correspond- 
ing Bessel functions is the well known fact. 
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So it rests check the coincidence of the asymptotic expansions on the right sides 
when £ — > 0. But the initial values a n and b n have been taken from this condition 
namely. 

5.2. The kernels A 01 ((l - l/2)i, x; 1/2, i/) 
For all integers / ^ 1 we have 

^oi(l - l/2)z, — 1/2, 1/2 + **) = 

= cosh7rt r(/ + ^ (/ ~ ^ (sinh£/2) 2/ - 1 F(/ + it, / - it; 2/; - sinh 2 f/2); 

™ 2Z ) (5.12) 

so when £ — > this function equals to 

(- 1 ) , A( " ( 'r"(a) 2)i ' t) ( f ) "" 1(1 + OKa)) (5 ' 13) 

It means we must take that solution of equation (5.10) which is near to the 
function const x v^^2Z-i(^)- More exactly, we have 

Lemma 5.2. Lei t be sufficiently large and a nj b n are defined by the recurrent 
relations (5.1)-(5.5) with u — (I — l/2)i. Then for any fixed integer I ^ 1 we have 
( uniformly in £ ^ and for any fixed M ^ 1) 

V^hiAoi(i(l - 1/2), s . nh ^ /2 ; 1/2, 1/2 + it) = 



= (-l)'X(-i(l-l/2),t){ViJ2,- 1 (tO % 

0<n<M 



+ (V~iJ2i-i(tt))' £ ^+O(min(Vt(t0 2l -\^ t )t- 2M - 2 )) (5.14) 



l<n<M 



5.3. The kernel An (r,x; 1/2, 1/2) 

We define the sequence {c n ,d n } by the following recurrent relations: Co = 
1 , do = and for n ^ 



<+i = |(c»-^(y)'-/ic»). (5-15) 
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J 1 / jii 



c'n = ^-dl + hdn), (5.16) 



where ' = -4 and 



We suppose for all n ^ 1 



(5 ' 17) 



d n (0) = (5.18) 

(so d n (^) is an odd function in £ and (£ _1 c?n(0) / = ^'"(0) + ••• as £ ^ 0; for this 
reason £ -1 (£ -1 d n (0) / ^ s finite in the neighbourhood of the point £ = 0). 
We take the boundary values for c n in the form 

c n (0) = -i<(0), n ^ 1, (5.19) 
so we can write instead of (5.15) and (5.16): 

1 ft.dnW^dri 1 /* 



dn+i(0 = k(0 - i / (^M)'^ - I / hWCnWdf,, U^O (5. 
z ^ Jo V V z Jo 



20) 



cn(fl = -^'n(0 + \J Q fi(rj)d n (rj)drj,n > 1. (5.21) 
With these functions we define the asymptotic expansion 

Vn(r,{) = VSYo(r S ) £ ^ + (V^oK))' £ % (5.22) 

and let Vu } m denotes sum of the first terms with n ^ M. 

The function (2 tanh£/2)-^n(r, sinh£/2; 1/2, 1/2) is the solution of the dif- 
ferential equation (again this fact is the consequence of (4.4)) 

V" + (r 2 + —\j-)V = (5.22) 
4 sinn £ 



or, the same, 



V" + (r 2 + ^)V = fr(0V. (5.23) 
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The function V\\ is the asymptotic solution of this equation (the recurrent 
relations (5.20)-(5.21) are taken from this condition). 

It is possible that these two solutions are proportional; but for our purposes 
the more weak assertion will be sufficient. 

We define the second asymptotic solution, supposing 

Vn = V(J (r ( ) £ |L + (VfjoK))' £ ^, (5.25) 

where Cq = 1 and c ni d n for n ^ 1 are defined by the same recurrent relations 
(5.15)-(5.16) but with the following initial conditions. 
We take for n ^ 1 

J n (0) = 0. (5.26) 
Furthermore, let B n are the Bernoulli polynomials and 

S n = <(0) - { -^B 2n (l/2) (5.27) 

(the first even Bernoulli polynomials are: Bo = 1,^2^) = £ 2 — £ + |,i?4(:c) = 

_ 9^.3 ™2 1_ \ 

»x ^(X/ 1 »x 30 ' * * * / * 

We have Si = 62 — (it is the result of the direct calculation; may be, the 
same is true for all n). 

Let N ^ 3 be the first integer for which Sn ^ 0. 

If there is such AT, N ^ 3, we take the boundary values for c n from the equation 

cn(0) + i(? n (0) = ^,n^l. (5.28) 

Lemma 5.3. Lei r 6e positive and sufficiently large. Then for any fixed integer 
M ^ 1 we have uniformly in £ ^ 



(2tanh^/2)- 1 / 2 A 11 (r,sinh^/2;l/2,l/2) = - V n , M + ^y 11>M _ JV + 



+ 0(min(v^(| log -A + 1), ^))r- 2M - 2 (5.29) 
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where the second term is zero for M ^ N . 

Really, the unknown solution must be the linear combination of two known 
asymptotic solutions; for some Co(r),Ci(r) we have 

(2tanh^/2)- 1/2 An(r, sinh^/2; 1/2, 1/2) = C {r)W + d{r)W. ((5.30)) 
If £ — > we have from (4.16) (after taking the limiting value at v = 1/2) 

(2tanh^/2)- 1 / 2 A 11 (r,sinh^/2;l/2,l/2) = -y^log^ - ^(1) + 

+ \ (^(1/2 + ir) + ^(1/2 - ir) - 21ogr) + 0(£ 2 log i)) (5.31) 

Here the sum of logarithmic derivatives of gamma-function is the known 
asymptotic series 

. . . . \ i (-i) n £ 2n (i/2) 

2(r( 1 /2+ir) + T (l/2-ir)-21ogrj = - — + ...^—L-^J-L + .... (5.32) 
On the other side we have for the case £ — > the asymptotic series 

+ 0(£ 2 logi)Y (5.33) 
^ = ^ E 2c„(0) + <(0) +o(g2) ^ 

To have the same asymptotic series in front of (log ^ ~~ T~(-0) we mus t take 
Co = — § in (5.30) and define the initial value for c n (£) by the equality (5.19). 
Then for Ci(r) = 0(r -6 ) we have the same coefficients in front of r~ 2 and r~ 4 . 
If M = 2 the process is finished. For M > 2 the additional term with V\\ may 
be required (I assume that 8 n = for all n ^ 1 and there is no need to add this 
term). In this case we take C\(r) = 5js[r~ 2N in (5.30) (assuming Sn ^ 0) and 
after that we can determine c n (0) by the equality (5.28). 
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As before, we omitt the proof of the known fact of nearness of the solutions 
(5.23) to the corresponding Bessel functions. 
5.4. The kernel A 10 (r,x; 1/2, 1/2). 

For this kernel we will give three different asymptotic formulas (for the intervals 
[0,1 -5), (8,1} and [l,oo)). 

We begin from the differential equations. The function 

w=(2 tan £ /2) 1/2 A 01 (r, cos 4/2; 1/2, 1 /2) 
satisfies to the equation 

w" + (-r 2 + — K-)w = (5.35) 
4 sin £ 

and the function w = (2 tanh^/2) 1 / 2 74io(r, cosh£/2; 1/2, 1/2) is the solution of the 
equation 

d 2 w , 2 1 



^ +(r + 4^? ) ^°- (5 ' 36) 

For the case ^ £ ^ 7r — 5 with a fixed (small) 5 > the following simple 
formula would be sufficient. 

Lemma 5.4. Lei r — > +oo; i/ien /or any /zxed 6" G (0, 7r/2) we have, uniformly in 

(2tan^/2) 1 / 2 A 10 (r, cos^/2; 1/2, 1/2) = — £— ^(^(l + O(-)). (5.37) 

cosh 7rr r 

The case 0<6~^£^7ris more complicated. As before, we define the sequence 
{a n ,b n } by the recurrent relations: do = 1, &o = 0, and 

4^V 2 

< = -i(6^-/ 2 6 n ),n^l, (5-39) 

where 

h = H-^- (5 ' 40) 

We take the following initial coditions for these equations: 

1 (-l) n+1 
MO) = 0, On(0) = --6^(0) = L_i_B 2n (i/ 2 ). (5.41) 



&n+i = 77(^) / - o« " W,^ 0, (5.38) 
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Lemma 5.5. Let the positive r be sufficiently large; then for any fixed M ^ 1 we 
have for ^ £ ^ tt — 8 with any fixed 8 G (0, 7r/2) 

(2tan^/2)- 1 /2 Alo ( r , sin ^/2;l/2,l/2) = ^oK) £ ^ 



0^n<M 



+ (VlK (ri)Y £ ^ + °( min (^(l lo g4 l) + 1) '^ e "^ )r ~ 2M ~ 2 (5 ' 42) 



Really, the function on the left side must be near to the combination 

+ O(i)) + C(r)v^/oK)(l + O(i)) (5.43) 
since for £ — > we have (it is the limiting case (4.13) as v — > 1/2) 

(2tan^/2)- 1 / 2 A 10 (r,sin^/2; 1/2, 1/2) = -y^ (log y - ^(1)+ 

+ \ (^(1/2 + *r) + ^(1/2 - zr) - 2 log r) + 0(£ 2 log 1)) (5.44) 

and 

KoH) = - log ^ + ^(1) + 0(£ 2 log i). (5.45) 

Taking in (5.43) £ = 7r — 8 and £ = 8 in (5.34) with a fixed small 8 we come to 
the equality 

0(e-^- s)r ) = 0(e-^- s)r ) + C(r)e (7r - 5)r (l + O(-)), (5.46) 

r 

so for any fixed 8 > we have 

|C(r)| «e- 2(l " i)r . (5.47) 

It means the second term in (5.43) is exponentially small; now the comparison 
of the asymptotic series at £ = gives us (5.41). 

By the way, we come to the new (and very unexpected) method for the calcu- 
lation of the Bernoulli numbers. Since for n ^ 1 

o2n-l 

B 2n (0) = B 2n = 22ra _ 1 _ 1 g 2 n(l/2) (5.48) 



THE TRUE ORDER OF THE RIEMANN ZETA-FUNCTION 



45 



we have for n ^ 1 

where 6 n are defined by the recurrent relations (5.38)-(5.39). 

Finally, we consider our kernel when argument is larger than 1. Now we have 
that solution of (5.36) which is 

^—^(1 + 0(0) 

cosh 7rr 

when £ — > 0. This boundary condition gives us, uniformly in £ ^ 0, 

(2tanh£/2) 1 / 2 A 10 (r,cosh£/2;l/2,l/2) = -^_( v ^J ( r £)+ 

cosher 



+ -0(min( V / £,^))). (5.50) 



5.5. The kernel Aqq(u, x\ 1/2, v) 
First of all, the function 



v = ^nh(A 00 (u,—^;l/2,v) 
satisfies to the equation 

v" + {t 2 + ^)v = hv, (5.51) 

where 

/s = i ( ? " ^> + -^Fyi (5 ' 52) 

Furthermore, taking the limiting case s = 1/2 in (4.9) we have as £ — > 0: 



= -2V?(log|- J(l) + 



+ j(^(^+«") + ^(^-«) + ^(l-''+™) + Yr( 1 - J '- i ")-41ogi)+0(? 2 logi)) 

= -2V?(log|- J(l)+ 
+ E( _ 1) „_ 1 B 2 „(l/2 + fr) +^(1/2 - in) + 0{(2 lQg IX (5 M) 
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(here B2 n are the Bernoulli polynomials again). 

The equation (5.51) has the same type what we had considered in subsection 
5.3. As before, we define the coefficients p n , q n by the relations po = 1, qo = and 

Qn+i = \{A ~ ^(y)' ~ ^ 3 ^' n ^ °' ( 5 - 54 ) 

Pn = ~\^n ~ hQri), Tl ^ 1. (5.55) 

The initial values for these relations we take in the form 

9n(0) = 0,p„(0) = -i<&(0),n > 1. (5.56) 

Now we have 

9i(0) = 5 / 3 (0) = \(B 2 (l/2 + *«) + B 2 (l/2 - *«)), (5.57) 

<Z2(0) = g /s (0) - \ fs 2 (0) = -i(5 4 (l/2 + m) + S 4 (l/2 - m)). (5.58) 

This coincidence (may be, it will be true for n ^ 3 also) allows us, as in 5.3, 
write the following asymptotic formula. 

Lemma 5.5. Let t — > +oo and let u be real and for any fixed s > \u\ <C £ £ ; 
then, uniformly in £ ^ ; we foowe 

^<°- 1/2 - "> = ^o(*e)a + ^ + ^)+ 

+ i( Vt + ^f-) + 0(t" 6 ) min( log*f| + 1), -J=) (5.59) 

Now we consider the same kernel for the case when argument is larger than 1. 
The function v = y/fAn.£Aoo(u, sin ^ 2 ; 1/2, v) (and the same function with £ 
replaced by tt — £) satisfies to the differential equation 

«" + (-t 2 + -4—- + — l —)v = 0; (5.60) 
sin 4/2 4sm £ 

if £ — > we find from (4.8) 

- r( ^i^ +ra) ^^ /2)2 " ,(1+ ^ 2))+ 

+ {the same with (— u)} (5.61) 

It is sufficient to assert that we have 
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Lemma 5.6. Let t — > +00 and u be real with condition \u\ <C t £ for any fixed 
e > 0. Then we have for ^ £ ^ tt — 8 with any fixed £ G (0, \ ) 

1 



= Re{t~ 2lu r(is + m)r(l - 1/ + *«)^ W*0(1 + O(i))} (5.62) 

Finally, in the neighbourhood £ = tt we have other asymptotic expansion. 
Lemma 5.7. Let {p n ,Qn} are defined by the relations: po = l,qo = 0, and 

Qn + l = l(^(jY-p'n + hPn), U > 0, (5.63) 

Pn = -\(Qn-hQn), n > 1, (5.64) 

/4 = i ( ? " ^ " ^/2 ; (5 ' 65) 

/et £/ie initial values are taken as 

1 C-l) n 

«n(0) = 0,p„(0) = --q' n {0) = ^-(B 2n {l/2 + m) + B 2n (l/2 - iu)). (5.66) 

TTien /or any fixed 8 G (0, 7r/2) we have for ^ £ ^ ir — 8 the following asymptotic 
series 



Vs\n£A 00 (u, — l — -; 1/2, i/) = 
cos 4/2 



n>0 n>l 



To receive this expansion we use (5.53) and repeat the considerations of sub- 
section 5.4. 

5.6. The kernel A\q{u, x\ 1/2, v) 

Using (4.4) again we see: the function 

v = (2tanh£/2) 1 / 2 (cosh£/2) 1 - 2 ^ 10 ( ? i, ; V 2 , u) (5.68) 
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is that solution of the differential equation 

1 u 2 

v" + (t 2 + ^ 5—- )v = 0, (5.69) 

V 4sinh 2 £ cosh 2 <e/2 7 V 1 

which equals to (we use (4.12) with s = 1/2, v = 1/2 + it, r = u) 
when £ — ► 0. 

We have the same equation what we had in 5.5, so we write the full uniform 
asymptotic expansion with the main term 

47re -7r *cosh7ra \^J (t£), f ^ 0. (5.71) 

For the case when x > 1 (but x is not very large) we have the exponentially 
small function again (with the modified Bessel function instead of Jo). 
The function 

v = (2tan^/2) 1 / 2 (cos^/2) 1 - 2 ^ 10 (ii, -; 1/2, v) (5.72) 

cos 4/2 

satisfies to the equation 

v 2 1 

cos 2 £/2 4sm 2 £ 

Together with initial conditions at £ = it gives us the similar asymptotic 
formula for ^ £ ^ tt — 5 

(2tan£/2) 1 / 2 (cos£/2) 1 - 2 ^ 10 K^-;l/2,^) ^Tre"** cosh^y^ *o(*0 

COS (1 1 Zi 

(5.74) 

for any fixed 5 G (0,7r/2). 

Finally, if x be sufficiently large (it means < 5 ^ £ ^ 7r in(5.72)) then the 
solution must be a combination of two modified Bessel's functions. 
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The unique possibility which have been agreed with (5.74) is the Mcdonald 
function; so we have for ^ £ ^ tt — 8 with any fixed 8 G (0, 7r/2) 

(2tan£/2) 1 / 2 (sin£/2) 1 - 2 ^ 10 ( ? i, — 1/2, v) « 4cosh 7 r ? iV^ #2<«(#). (5.76) 

sm s/ ^ 

5.7. The kernel An(w,a;;l/2, i/) 

For this case we have the differential equation 

w " + if + V~T + ^-2~)w = 

sinh 2 £/2 4sinh 2 £ 

for the function 

w = y/d^ZAufa — 1/2, v). (5.77) 
If £ — > we see (it follows from (4.15)) 

w = ^ ( (|) 2 - ^ + °^ 2 )) _ (the same with -u)) . (5.78) 
2sinh7r?iV 2 T(l + 2m) v J 

So this kernel is exponentially small and we have for the main term of the 
uniform asymptotic expansion: 

v/ ^ 4llK ^J2' AM * 2^mlW V ^ (j2 ^ (t0 " J -*»W>y ^ 

5.8. The kernel A Q1 (r, x; 1/2, 1/2) 
For the function 

v = (2tanh£/2)- 1/2 A i(r,sinh£/2;l/2, 1/2) (5.80) 

we have the differential equation 

+ (r2 + isb*>» = < 5 - 81 > 

with the initial condition (it follows from (4.11)) 



7T 



V = 



2 cosh 7rr 



v / £(l + O(£ 2 )),^0. 
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It means this function is exponentially small for r large; we have the following 
main term for the uniform expansion 

(2tanh^/2)- 1 / 2 A i(r,sinh^/2;l/2, 1/2) « — ^— J (rO,£ > 0. (5.82) 

5.9. The kernel A 00 {r, x; 1/2, 1/2) 

For this case we have three different expansions. 
Firstly we consider the case ^ £ < 1. For the function 

v= (2tan£/2)- 1/2 A 00 (r,sin£/2;l/2, 1/2) (5.83) 

we have the differential equation 

v" + (-r 2 + — = (5.84) 
4 sin £ 

and the initial condition (see (4.5) with s = l/2,z/=l/2) 



v 



2 cosh 7rr 



7£(1 + O(£ 2 )),£^0. (5.85) 



It means this function is exponentially small for ^ £ ^ tt — 8 with any fixed 
£e(0,7r/2): 

(2tan£/2)- 1 / 2 A 00 (r, sin£/2; 1/2, 1/2) « - ^ ^oK)(l + 0(-)). (5.86) 

2cosh7rr r 

The same equation (5.84) we have for the function 

v = (2tan£/2) 1 / 2 A 00 (r,cos£/2;l/2, 1/2); (5.87) 
if £ — > we have from (4.9) (as the limiting case s = 1/2) 

S = 2VS(-log^ + £(l)- 

- |(^(l/2 + ir) + ^(1/2 - ir) - 21ogr)j + 0(fl 2 log i). (5.88) 
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w" + (r 2 + <ii2 > = (5.90) 



Furthermore, if £ ^ £o this function must be 0(e *° r ). So we have for any 
£g(0,tt/2) 

(2tan£/2) 1 / 2 A 00 (r,cos<e/2; 1/2, 1/2) « 2^ i^oK), ^ £ ^ tt - (5.89) 
Finally, we have the equation 

1 

4sinh z £ 
for the function 

w= (2tanh£/2) 1/2 A 00 (r,cosh£/2;l/2, 1/2). 

If £ — > we have the same expansion (5.88) for «;(£); for this reason 

(2tanh£/2) 1 / 2 A 00 (r,cosh£/2;l/2, 1/2) « -Try^ y W). (5.92) 

Of course, it is possible to replace the right side by the more detailed asymptotic 
expansion of the form 

-AVI YoH) Y. ^ + (V~S Y (rffl Y, %h (5-93) 

where do = l,&o = and the recurrent relations for these coefficients may be 
written from the condition that this function is the formal solution of (5.90). 

§6. THE AVERAGING ON THE RIGHT SIDE 

In this section we estimate the integrals 

(1/2) 

x /i fe (x j; 1/2,^/; p,l/2)u*r(p)dp, A; = 0,1. (6.1) 
The analogous integral for the case of the discret spectrum is 

i y Z(p;i/,l/2 + *r)(/i + ^i)(r;l/2,i/;p,l/2)wr(p)dp. 

(1/2) 

For some cases the line of integration Rep = 2 will be taken instead of the initial 
line Rep = 1/2; on the line Rep = 2 the result of integration will be expressed in 
the explicite form. 

The contribution of four poles of the function Z(p; v, 1/2+zr) will be considered 
separatly in subsection 6.7; for all others there is no difference in the consideration 
of the discret and continuous spectrum. 



Mj,k(T) = ] J Hj(p + it)Hj(p - it)'. 
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6.1. The integrals M j;0 ; >Cj ^ 2T . 

It is sufficient consider the case x ^ 2Tq , since for large r we have the following 
inequality. 

Proposition 6.1. Let r ^ 2Tq; then 

|/io(r;l/2,i/;p,l/2)|<i (6.2) 

To receive this bound it will be sufficient estimate the absolute value of the 
integrand in (2.19). 

For the case s = p, = 1/2, v = 1/2 + it, p — 1/2 + it (we assume t = ©(r 1 / 4 )) 
the integrand in (2.19) is not larger than (we write w = 1/2 + irj, rj ^> 1) 

exp( (77 + r + [77 — r| + \rj — r + t\ + [77 — r — t\) 

max(e 7r|r - 2r?l , e 7r7 ")|<P(l - 2ir + 2^)|. (6.3) 

Here we can assume that \r — Tq| <C TlogXb (because of ujt{p) in (6.1) is 
exponentially smoll for \p — iTq\ ^> T). 

So for r ^ 2To the integrand in (2.19) is 0(exp(— 7r(r — 77))) if 77 < r. For this 
reason we can integrate over the line 77 ^ r — 21ogr. 

But for 77 ^ (1 — 6)r, r ^ 2Tq, for any fixed small S > we have 

|#(1 -2ir + 2777)| <C77~ 5 , h(p~ <^7 _1 , |^(l/2 — 1/2)| 77- 1 (6.4) 

and we come to the bound (6.2). 

It follows from (6.2) that the contribution of the terms with Xj ^ 2T to the 
average on the right side (2.57) is o(l) for the case of our specialization. Really, 
from the fuctional equation one can see that \Hj(p ± it)\ <C ^j +£ fc> r the case 
Xj ^> r = Imp. So the result of the averaging of j-th term is 0(Tx| +2e ). After 
that we have the sum with terms 0(T x~ ' 4+2e ) a pi?- (1/2) and Xj ^ 2T ; this sum 
is 0(T- 1+2£ ). 

6. 2. The terms with B 00 for r <C T . 

For this case the new representation (4.17) have been used. 
Firstly we consider the integral Bqq and it would be convenient to estimate the 
function Boo(r, u; p, 1/2; 1/2, v) (we use the symmetry (4.22) for this case). 
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Lemma 6.1. Let To,T,t are sufficiently large, T = r o 1_e , t = c^T 1 / 4 ); then we 
have for r <C Tq 



J B 00 (r, it; p, 1/2; 1/2, v)Uj{p + it)Hj(p - it)u T (p) dp 

(1/2) 



log 2 T, r « VT 



«^ - 2 L 2 1 ^ (6-5) 



Tr~ 2 log^r, r > V^o 
For the beginning we write in (4.17) (with the variables (p, 1/2; 1/2, v)) 

pl/\/2 f\ poo 

B 00 = +/ +/ = B^ + B^+B^, 

where (after the understandable change of the variable) 

B&= f^(^r,u,t)(^^r 2p d^ (6.6) 
Jo 

B {2) = \£ 2 /( 2 )^;r,n,t)(cos^/2)- 2 ^^, (6.7) 

S (3) = f^(^r,u,t)(ch^/2)-^dC (6.8) 

In this equalities 

= (2tg^/2)- 1 / 2 Aoo(r,sin^/2;l/2,l/2) V ^AooK-^;l/2^), (6.9) 

sinf/2 

= (2tg^/2) 1 / 2 Aoo(r,cos^/2;l/2,l/2)v^AooK^-x;l/2,^), (6.10) 

cos 4/2 

= (2tK/2) 1 / 2 A 00 (r,cK/2;l/2,l/2)v^AooK^^;l/2^); (6.11) 
it is essential that these functions are not depending in p. 
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Using (5.86), (5.89), (5.62) and (5.67) we see that for any fixed 8 > we have 

8 

B^+B^= l - J f^^r,u,t)(cos^/2)- 2 Pd^O(exp(-8(r^t))) (6.12) 



o 



(in reality B^ is 0{e~^ r+t) )). 

The remainder term may be omitted (it gives o(l) into the final result). For the 
remained integrals we integrate firstly over the variable p. Using the Ramanujan 
integral again we have 

i J B 00 (r,u;p,l/2;l/2,v)Hj(p-\-it)Hj(p-it)u T (p)dp = 



(1/2) 



= \ f{-)d P = 

(2) 

S 





oo 



+ / f i3) (£;r,u,t)i(>(nmcosh 2 t/2)(coshZ/2)- 1 - 2iT <> <%} + O(T 0e - s(r+t) ), 
I (6-13) 

where 

<tP(x) = (x T + x~ T y 1 . (6.14) 

In (6.13) we have x = cos 2 £/2 with small £ or x = cosh 2 £/2 ^ 1. For both 
cases we have the inequality x ^ 2 — 5 with small 8 if nm ^ 2. So for nm ^ 2 

\il)(nmx)\ <^a~ T ,3/2 < a<2- 8 (6.15) 

and all these terms give o(l) in the final result. 

It means we can omit all terms with nm ^ 2 on the right side (6.13), and take 
only one term with n = m = 1 from this sum. 
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Now we come to the integrals with the main terms (we use (5.59), (5.67), (5.89) 
and (5.92)) 

r 5 

T / ^oK)^o(tO^(cos 2 ^/2)(cos^/2)- 1 - 2 ^^, (6.16) 
Jo 

f-OO 

T / ^y K)^o(^)^(cosh 2 ^/2)(cosh^/2)- 1 - 2iTo ^. (6.17) 
Jo 

It is sufficient estimate these integrals; the next terms from the corresponding 
asymptotic expansions for the kernels have the same nature but with additional 
multipliers r~ 2m or t~ 2n with n,m ^ 1. 

In both integrals we can integrate in the interval ^ £ ^ with 
S(T) = T -1 / 2 logT only (since the part of our integrals with £ ^ 5(T) contributes 
0(Texp(— ^ log 2 T)) and this part may be omitted). 

We write for x > 1 

t/j(x)=X- T [ ^ m +2- M (l + ^" 2T ) -1 } 

and for x < 1 

i{j(x)=x t { x m + x M {l-rX 2T )~ 1 ]. 

Let fi m = 1 + 2mT + 2zTb; we write the power series 

(cose/2)"- = e~^ 2 / 8 (l + a ^m)e k ) ■ (6.18) 

Here we can assume £ ^ (mT) -1 / 2 logT and for this reason we have 

\a 2 k^ m )e k \ « T fc (mT)- 2fc (logr) 4fc « T^ 2 ^ 

(note that T = T 1_e ); it means we can omit all terms with k ^ 4 in (6.18). 

Furthermore, we write the power series for Ko(t£) in (6.16); since t£ <C 
£T -1 / 2 logT <C T' _1 / 4 + e it is sufficient take the finite number terms (< 4) from 
this series. 
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As the result we come to the table integrals 

T / K (rOe-^ e/8 e l+1 <%, 1 = 0,1,2,... 
Jo 



or 



The integral (6.19) equals to 



1=0,1,2,. 



(6.19) 



(6.20) 



J(J_)« + l/2 r 2 (Z + 1)exp / f 



— W_ z _ 1/2 , I — 



/I 



/I 



(6.21) 



m 



where W_i_i/ 2 ,o( x ) denotes the Whittaker function (which exponentially decreseas 
when x — > +oo). 
If r 2 ^> |/i m | then 



r 2 / 
exp( — )W_i_ 1/2 , 

Mm \ 



2r' 



m 



i+l/2 



(6.22) 



so for the main term with / = we have 



r 



KoK)e^ 2/8 ^ 



r 2 

<C - T , r 2 > |// 



(6.23) 



At the same time for r 2 <C |/i m | we have 

2r 2 \ 



VF_i_i/ 2 ,0 ^ 



r , r 
< — == log | j 

| Mm | 



\/|Mm| 



(6.24) 



and it gives the bound 



T 



<C logr, r <C l/Xml; 



(6.25) 



the differentiation with respect to r gives the additional multiplier logr. 
Exactly by the same way we come to the integrals 



T T y ° (r °{ iog ^ (i + ci (t ° 2 + ■ ■ ■ } + h {t ° 2 + " ■ )} e ~" me/8 z 2i+i <% ( e - 26 ) 
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(we use the power series for Iq(££) in (6.17)). The leading term is 



POO 

T / y K)ex P (- 



8 



2^+1 AC - 



_T { 8 )i+1/2 exp(-3g 



m 



2r 2 2r 2 
(r(/ + 1) COS7T/M Z+1/2;0 ( ) - W l+1/2 ( )) 

= -( A ) m/2 exp(-^-)((r'(i + 1) - 2r(Z + 1) J(l))M I+1/2|0 (^)+ 



9 „ ,2r\ 



) (6-27) 



£ = 



The last equality follows as the limiting case of the relation between W^^ and 
M Xj ± £ : if 2e is not integer we have 



r(l/2-x-e) 



r(i/2-x + £ ) 



(6.28) 



Now the assertion of Lemma 6.1 follows after the using of the expansion of 
M; +1 / 2; o(^) fo r small and large \z\. Since we have the similar asymptotic ex- 
pansions for the kernels Aqq(u, — 1/2); 1/2, v) we come to the same estimates 
for the integrals wiht &o,z- 

Lemma 6.2. Under the same assumptions what we had in the previous lemma 
we have for I G L 



b ,i(r; 1/2, v- p, l/2)H 3 (p + it)Hj(p - it)uj T {p) dp 



<C 



(1/2) 



log 2 r, r< T 1/2+£ , x 

< < 1/0^ ( 6 - 29 ) 

Tr~ 2 log 2 r, r>T 1/2+e . 



6. 3. The integrals M^o; terms with Bq\. 

The kernel Aoi(r, sinh^/2; 1/2, 1/2) is exponentially small for all £ ^ (see 
(5.82)); so all terms with Kj ^ t e with arbitrary small e > give the contribution 
o(l). For this reason the case r«f have been considered only. 
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Integrating over the variable p in the first line we get again 

i 



Hj(p + it)Hj(p - it)B i(r, u; p, 1/2; 1/2, v)w T {p) dp 

(1/2) 

tj(N)T„(N) 



(JVm 2 )i/2+iT x 

poo 

x / A i(r,sinh£/2;l/2,l/2)x 
Jo 

x v^^oi^, — 1/2, v)ifj(Nm 2 sinh 2 £/2) — ^ (6.30) 

(ifj is defined by (6.14)). 

If u = - 1/2), I ^ 2, we have (see (5.14)) 

|V^nh^^oi(-^(/ - 1/2), — 1/2, i/) | « min^ 7 / 2 ,;- 1 / 2 ). (6.31) 

Exactly the same bound we have for the integral 

^/sinh^ i(w, ginh ^ 2 ; X / 2, 

because of we can integrate terms with J±i% u from (5.7) over the line Ymu = ^3/2. 
Furthermore (see (5.82)), 

|(2tanh^/2)- 1 / 2 A i(r,sinh^/2; 1/2, 1/2)| <C V^e _7rr . (6.32) 

These inequalities give the following bound for the integrals in (6.30) with 
u = - 1/2): 



<C e -7 "" J min ( (££) 3 , (^)~ 1/2 j ^(Nm 2 sinh 2 £/2) d£ 



« e-(rViV^)- 1 min ^(^== ) 3 , (I^)i/ 2 ] (6 . 33 ) 

(we use the fact of the exponential smallness ip(x) for \x — 1| ^ ^). 
The same estimate we have for the integral with /i(it). 
As the result we have 
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Lemma 6.3. Under assumptions of Lemma 6.1 the integral on the left side (6.30) 
is 0(log 2 t^)e~^ r foru = — z (Z — 1/2) , / ^ 2; the same estimate we have for the result 
of the integration of this function over u with the weight h(u) dx(u). 

Really, for both cases we have the bound 

V fe(^WI e -^ in( (_L ) 3 )( ^ ) i/ 2) (6.34) 

and it rests to note that \tj{N)\ are bounded in average for x <C t £ . 
6. 4. The integrals Biq. 

Lemma 6.4. Under the same conditions we have 

J B 10 (r,u;p,l/2;l/2,v)H 3 (p + it)H 3 (p-it)cj T (p)dp <C e _,rr/2 logT (6.35) 

(1/2) 

We write Biq as I\ + I2 + ^3, where 

*i = jf 7 V^^oo^,-^;l/2,^(2tg^/2)- 1 / 2 x 

x Aio(r,sin^/2;l/2,l/2)(sin^/2)- 2 ^^, (6.36) 



/ 2 = / 7 V / ^^oof^^77^;l/2,^(2tg^/2) 1 / 2 x 
Jo V cos^/2 J 



x Ai (r,cos<e/2;l/2,l/2)(cos^/2)- 2p ^, (6.37) 



h = 
6 2 



y/smhZAoo (^ cos ^ /2 ;1/2,l/ ) ( 2tanh ^/ 2 )" 1/2x 

x Ai (r,cosh^/2;l/2, l/2)(cosh^/2)- 2p ^. (6.38) 



Using (5.62) and (5.42) we see that for all r the first integral I\ is 0(exp(— ft)). 
At the same time for r's very large we can move the line integration over u to ensure 
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the estimate 0(r~ 3 exp(— ^t); so the contribution of this term will be exponentally 
small. 

For the second integral we use the asymptotic formulas (5.67) and (5.37). 
The part of this integral with £ ^ t~ 1+£ for any fixed (small) s > gives 
the exponentially small contribution again. In the interval £ ^ t~ 1+£ (where 
cos£/2 = 1 + 0(l/t)) we integrate over p under the sign of the integration over £. 
As before, we come to the integral (6.7) and after that we have the integral 

l ( s [%K (tOlo(rOe-^ e d {. « logTe-^-^. (6.39) 
cosh(Trr) J Q 

We consider the third integral by the same way; the final integral (we use (5.59) 
and (5.50)) is 



T 



cosh(7rr) 



/ ZY (tOJo(rOe-^ e d£« e—logT. (6.40) 
Jo 



6. 5. Terms with B u (r, u; p, 1/2; 1/2, v) (= B 10 (r, u\ 1/2, v\ p, 1/2)). 

The estimation of this last integral is more complicated; it would be realized 
by the following way. 

Firstly we consider Bn(r, u; p, 1/2; 1/2, v) for r ^ Tq — 2T 1+e ; for this case Bn 
is exponentially small. 

For r ^> Tq the integral Bio instead of Bn will be considered; as before we 
integrate over p in the first line. 

In contrast with the previous integrals the result of this integration is the 
"long" sum. But we have the opportunity use "the convolution formulas" (that is 
the replacement of the summation over kj by the integration over this variable). 
Asymptotically the last integrand is the product of two ^-functions with the dif- 
ferent supports; it allows us to finish our estimates for the sums over discret and 
continuous sprectrum. 

6. 5.1. The exponential case. 

Lemma 6.5. Let To, r, t are sufficiently large, T = Tq~ £ , t = c^T 1 / 4 ); then we 
have for r ^T - 2T 1+£ 

J B xx {r,u]\/2,y-p,l/2)Hj{p + it)Hj{p-it)uj T {p)dp <C exp(-T £ ). (6.41) 

(1/2) 
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First of all, we can assume here \r — Tq\ ^ T 1+£ (= Tq~ £ ), since |wt(/c)| <C 
exp(-t^). 

Now we use (4.20) (with s = /i = 1/2, p = 1/2 + ir, v = 1/2 + it). 
In this expression (see (4.13) and (4.14)) for ^ x < 1 



(2 7 r) 2p - 1 A 10 (r, Vx~;p,v) = 

cosh(7rr) j T(/9 + it + ir)Y(p + it — ir) 



2cos(7Ti/) 1 r(2z/) 
x x u F(p + it + ir, p + it — ir; 2v; x) — 
Y{p — it + ir)Y{p — it — ir) 



x 



x 



T(2 - 2i/) 

x x 1 ~ u F(p it + ir,p-it- ir; 2 - 2i/; a) J> (6.42) 



and for x > 1 



x 



(27r) 2 ^- 1 A 10 (r, y/Z;p,v) = 

i x i/2-p gjn^^^j J _|_ ^ _|_ i r )Y(p — it — ir) 
sinh(7rr) 1 T(l + 2ir) 

x x~ ir F(p + it + ir, p — it + ir; 1 + 2ir; i) — 

x 

Y (p + it — ir)Y {p — it — ir) 
r(l - 2ir) X 

x x ir F(p + it - ir, p - it - ir; 1 - 2ir; -)}. (6.43) 

x 

After the multiplication by ut(p) we have in these expressions the multipliers 
in front of the hypergeometric functions which are not larger than 

0(-±) exp(-7r(r -t-r + ^^)). (6.44) 
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If r < T - 2T 1+£ (note that T 1+£ = T^~ £ = o(T )) then this bound is not 
larger than 0(exp(— ttT 6 )); so it is sufficient to see that these hypergeometric 
functions are bounded. 

For the function 



F = (1 - x) p x v F(p + v - 1/2 + ir, p + v - 1/2 - ir;2v;x) (6.45) 



we have the differential equation 



F" 



p(x) 



1 — X + x 2 \ „ 
+ -^vz )F = 



x 2 (l — x) 2 4:X 2 (l — x) 2 



(6.46) 



with 



p{x) = t 2 (l -x) + (r 2 - r 2 (l - x))x\ 



(6.47) 



this p is positive for all x G [0, 1] if r ^ r. For this reason we have for F the 
Liouville-Green approximation 

F ^ t ^^i eMii)> e_r(m- t )* +t108X . (6 . 48) 

p 1/A Jo \ i-y y 



As the consequence we have (we use the Stirling expansion) for r < r — t 



\A 10 {r, v^; p, v)\ <C e- 7 ^-*-^ 1 / 2 , ar < 1. 



(6.49) 



By the similar way we find for x > 1 



\Aio(r, y/x;p,v)\ <C e 



— 7r(r — t— r) 



(6.50) 



Using again the corresponding differential equation we see from (4.10) and 
(4.11) that 



Aqi I it 



1-/0,1/2 



x < 1 



^logx, x > 1. 



(6.51) 



Now (6.41) follows. 
6. 5. 2. The integration over p. 
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Proposition 6.2. 

i J B 1 o(r,u;l/2,v;p,l/2)H J (p + it)H 3 (p-it)(j T (p)dp = 

(1/2) 

T ^ tj(N)T v (N) 
= ^2^ {Nl 2y,2 + iTM ^ u ) ( 6 - 52 ) 

N,l^l V 7 

where with ip from (6. 14) 

oo 

f N ,i(r,u)= [ An(r^;l/2,l/2)Aoi(u J ^l/2^)i/j(Nl 2 x)x- 1 ^- lT °dx. 

J V% 
o 

(6.53) 

On the line Rep = 1/2 we can change the order of integration. After that we 
have the integral 

J Hj(p + it)TCj(p — it)x~ p ujT{p) dp 

(1/2) 

with x > 0. Here we can integrate over the line Rep = 2, where the Hecke series 
are absolutely convergent. Using the Ramanujan integral again we come to the 
expression 

Now we have 

t j (n)t j (m)= E **(ir) ( 6 - 55 ) 

l\(n,m) 

and after the corresponding change n by nl, m by mi and ran by A" we get (6.48). 

6. 5. 3. The large JV's in (6.52). 

First of all we replace the series in (6.52) by the finite sum with A ^ Ao(T). 

Proposition 6.3. Let 

oo 

h Nt i(r)= J f N j(r,u)h(u)dx{u); (6.56) 



-oo 
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then for Nq = t 3 VT we have 

5>W?(l/2) £ Mg^ V.(^) = 0(r £ ) (6.57) 

and t/ie same estimate is valid for the corresponding integral over the continuous 
spectrum. 

To estimate |/ijv,z| we rewrite the definition /n,i- We do the change of the 
variable x i— > -^72 exp(^) in (6.52). 

Furthermore, we write instead of the kernel Aoi(u, ...) the function 

ismirv T(v + iu)T(l — v + iu) . . s 

— i " ^ „• \ -x F(y + m, 1 - v + m; 1 + 2m; -ar); 

smn7rw 1 (1 + 2m) 

(this replacement is possible since h(u) is the even function) and we integrate this 
function on the line Imu = —3/2. Now we have the representation 

m/ , Tl9 .i/ 9 -rp , . . /" z sin7r^ r(z/ + m)r(l — z/) , . . 
T(Nl 2 ) 1/2 - lTo h Nl (r) = / — /1t \ ;ON . 7 v f/i(u)x 

Imtt=-3/2 

./ —OO 

xF(v + iu,\-v + iu; 1 + 2m; --^ exp(-^))x 

1 + 2m - 2ir cfe 
exp( *)— (6-58) 

The part of this integral with \u\ ^ T e or \x\ ^ T e gives o(l) in the final result, 
bmce ni 2 >t 3 VT we can use the power series for the hypergeometric functions 
in (6.58). 

For the kernel An we use the asymptotic expansion (5.29). Let \x\ ^ T £ and 
N be large; we define the positive £ by the equation 

sinh£/2 = — L= exp(^) = — ^(1 + ^ + 7^7 + •••) (6.59) 

zVtv v 2t 7 /Vat 2t st 2 7 v 7 



/"°° 1 X 

J A n (r, exp( — ); 1/2, 1/2) x 
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From (5.29) we find A X1 = 0(£| log(r£)|) for r ^ iVN, A n = 0{yj\) for Nl 2 ^ 
r ^ T 1+£ Nl 2 and for r ^ T 1+£ Nl 2 we have the asymptotic series with the main 
term 

Au(r,sinh£/2;l/2,l/2) « — ^(tanh£/2) 1/2 sinh(r£ - (6.60) 

'7T 4 



If r ^> Tq +£ 1\^N we can integrate by parts any times. Each integration gives 
the additional multiplier (r~ 1 )Tl\fN); as the result we have for any M ^ 2 

^IVil « log(riV/ 2 ), r « iViV, 

/ \ M 

«(^J Tjmw^ ' r>>T t +e - (a61) 

We have the known estimates ([13], [2]): 

£ «iW}(l/2) « P 2+e , (6.62) 



^ a>jt 2 (N) «P 2 + 7V 1/2+£ ; (6.63) 
for this reason we have for P ^> A/" 1 / 4 

ai|W?(l/2)^-(JV)|— « y / P 1 + £ (P 2 +7V 1 /2+e)« p3/2+e_ ( 6-64 ) 



< P V J 



It means the sum in (6.57) is not larger than 0( t3 ~ r A ^ +£ ) for any £ > 0; taking 
Nq = t^T 1 ! 2 we come to the assertion of Proposition 6.3. 
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6.5.4. The convolution formula. 

Let for a given function / and for an integer N ^ 1 

Z N (f) = ^^^(AT)^ 2 (l/2)/(x,) + -J r^W ^ ^ 2 f(r)dr 

(6.65) 

This quadratic form in the Hecke series had been expressed in terms of the 
convolution of the Fourier coefficients of the Eisenstein series (Theorem 3.1 in [8]; 
here we take the special case s = v = 1/2). 

Theorem 6.1. Let f(r) be the even regular function in the strip |Imr| ^ 
5/2,/(±i/2) = and \f(r)\ <C \r\~ B for some B > 4 when r — > oo in this 
strip. Then for any integer N ^ 1 we have 

id(N) f°° n r r' 

Z N (f) = --y-J J- log — - 2-(l/2 + ir) - 2-(l) + C 7 (0))/(r) dr- 



ff/(r)^ + 
47T J _^ cosh7rr , . 



)= d(n)d(n - N)w (J^) + 

^^dfaWn + NwJ^), (6.66) 



where d{n) is the number of the positive divisors of \n\ and two functions wj are 
defined by the equalities 

w j (x) = — f A 0j (r,x;l/2,l/2)f(r)d X (r), j = 0, 1 (6.67) 

7TX J_ OQ 



6. 5. 4. The construction of the suitable taste function. 

For the case Xj ^ To — 2T 1+£ we use the representation (6.50). 
Let us define 

Q(r) = — [ ((cosh/3(r-w))- 1 + (cosh/3(r + ?i))- 1 )^, /3 = T - 1+e . (6.68) 
w Jt /2 

This even function is regular in the wide strip |Im|r < for real r this 
function is 0(exp(— Tq)) for \r\ ^ Tq/4 and for the positive r with r ^ 3Tq/4 we 
have 

1 - ci exp(-c 2 r e ) < Q(r) ^ 1 (6.69) 
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with the fixed positive constants ci, C2- 
Furthermore, let 

= (r' + 1/4) V + 9/4)» 

(r 2 + l/4) 2 (r 2 + 9/4) 2 + M 2 ' 1 J 

where the fixed positive M be so large that q has no poles in the strip |Imr| ^5/2. 
With these notations we define 

F Nyl (r, u) = q(r)Q(r) f Nfl (r, u) (6.71) 

(fN,i(r,u) is defined by (6.51)). 

It is obvious this function satisfies to all conditions of Theorem 6.1. 

The main characteristic of this function is the following fact: the result of the 
summation over the discret and continuous spectrum of the quantities (6.50) we 
can replace by the sum 

£ E {N pZln No = SVT. (6.72) 

Really, the difference 

F N j(r,u) - f N ,i(r,u) = (q(r)tt(r) - l)f N j(r,u) 

after the summation over N, I gives the exponentially small contribution for r ^ 
Tq/4 (because of ft is very small for these values of r and we have case which had 
been considered in 6.5.1.). But for r ^> T this difference is 0(r~ 8 )\fNj(r, u)\. In 
any case we have for the integral (6.58) the rough estimate h,N,i{r) = 0{{rl\fN)~ 1 )\ 
with the additional multiplier r~ 8 it is sufficient to assert the smallness of the full 
sum with this difference. 

6.5.6. The first sum with wo (the case n ^ N + 1). 

We use identity (6.66) to estimate Znj(Fnj); first of all we consider the integral 

1 Hn 1 f°° fri 

7W Wo( \n ] = l-J" o(r ' ^W' 1/2 ' 1/2)FN -' {r ' u)dx(r) - (6J3) 
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After the replacement f^,i by the integral representation (6.51) (where we do 
the change of the variable x i— > sinh 2 rj/2) we come to the double integral (we write 
cosh 2 £/2 instead of f , £ > 0) 

—= \ Aoo(r,cosh£/2;l/2,l/2) / A u (r, sinh £/2; 1/2, 1/2) x 

x A i(w, ; 1 / 2 ,v)^( Nl2sinh2 l/ 2 )( sinlir ]/ 2 )~ 2iTo cosh f]/ 2 dr]X 

x q(r)Q(r)dx(r). (6.74) 

Let 5 = T -1+e with small e > 0; we write the integral on the right side (6.74) 
as V\ + ^2 + i>3, where 

I {...)dr)dx{r),v 2 = / (...) dr) dx{r), (6.75) 

-ooJO J—ooJ^ — 5 

and in ^3 the integration is doing on 77 ^ £ + 5. 
Proposition 6.4. For j = 1 and j = 3 we have 

d(n)d(n-N)\ Vj (n,l)\ <C exp(-T £ ) (6.76) 

Firstly we note that for all n ^ N + 1 

£(n) > r _1//4 t -3 / 2 (6.77) 
(if n be near to TV we have cosh£/2 = 1 + ±£ 2 + ... = 1 + 2=£ + so £(n) > 
^»^o- 1/2 ). 

Now for 77 ^ £ + ^ we have TV/ 2 sinh 2 rj/2 ^ l 2 (n — N + dVN (n - N)). 
For this reason for 77 ^ £ + 5 



ifj(Nl z sinli r//2) <C exp(-/ 2 (n — N + 5VN(n - N))T), (6.78) 

so the series over n is convergent and this sum is 0(exp(— T 6 )). 
For the case j = 1 we have the same result if £(n) = 0(1). 

For large n we have £(n) ^ log ^; writing Io(?*£) as ^.(Hq 1 ^ —H^) we integrate 

the Hankel function on the line Imr = A > 1/2 and the other function on the 
line Imr = — A < —1/2 (we assume A be near to 1/2). It gives the convergence of 
our series and the smallness t/j(Nl 2 sinh 77/2) for 77 ^ £ — S gives the same result. 
It rests estimate the sum with v 2 . 
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Proposition 6.5. 

d(n)d(n - N)v 2 (n, I) <C exp(-T £ ) (6.79) 

Really, in this integral we have |£ — rj\ ^ T _1+£ , so Nl 2 sinh 2 is near to 
/-> X). 

If l 2 (n — N) ^ 2 we have ip(Nl 2 sinh 2 tj/2) <C exp(— T/ 2 (n — TV)) and any rough 
estimate for the result of integration over r and rj gives the desired result. 
Now we consider the integral with n = N + 1 and / = 1 . 

Proposition 6.6. Lei B(r;^,rj) denotes the integrand in (6.74); then for n = 
N + 1 and I = 1 we have 

fP r£+5 i 1 TV 

lim / / B{r^rj)dridx{r) = -A 01 (u^;l/2,v)N^ (1 + -) 1 / 2 + 0(-^) 

(6.80) 

We change the order of the integration and integrate over r in the first line. 
The part of this integral with r ^ T gives the exponentially small contribution 
and may be omitted. 

In the interval T ^ r ^ P the quantity r£ is large since 
this reason both expansions (5.93) and (5.29) may be rewritten in the trigonometric 
form. Using the asymptotic expansions for the Bessel functions we have 

Aoo(r,cosh£/2;l/2,l/2) = -(tit tanh^/2)- 1 / 2 ((1 + Si) sin(r<e - ^) + 

+ | cos ^-l))' ( 6 - 81 ) 

A n (r, sinh 77/2; 1/2, 1/2) = 

= -(-) 1 / 2 ((l + ^ 1 )sin(rr ? )-^) + 

+ — cosirr] - -)) (6.82) 
rr? 4 ' 

where £j and Dj are the asymptotic series in the inverse degrees of r 2 , (r£) 2 and 
r 2^ ( r7 ^2 correspondingly. 
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In these expansions we have E\ = 0((r£) -2 ) and £2 = 0(1) and the similar 
der have Vj. 
As the result we have 

A 00 (r, cosh f /2; 1/2, 1/2) An (r, sinh 77/2; 1/2, 1/2) = 

(i + £ 3 )+ 



= 1 ( tanh^2 /2 | cos 

27rr v tanh^/2 ; 1 vs " 

+ S inhr(g-,) ^_ | + 1 



(6.83) 



where £3 is the asymptotic series in the inverse degrees of r 2 , (r£) 2 , (rr?) 2 (£3 = 
^(( r 0~ 2 ) + ( r? ?) _2 ) an d the unwritten terms contain cosr(£ + rj) or sinr(£ + rj). 

These unwritten terms contribute 0(T~ M ) for any fixed M ^ 4 (since we can 
integrate these terms by parts any times). 

For large positive r we have dx(r) = ^ r (1 + 0(e _7rr )) dr and 



P 

A 00 (r, cosh^/2; 1/2, l/2)A n (r, sinh 77/2; 1/2, l/2)g(r)0(r) d X (r) = 
1 tanh77/2 1/2 f sinP(g - 77) 

+ 0(exp(-T))|. (6.84) 

After multiplication by Aoi(u, ...) the first term gives in the limit P — > 00 

i4oi(«, . ^ /o ;l/V) cosh^/2(sinh^/2)- 2iT ^(^Vsinh 2 ^/2) = 
smh£/2 

= A 01 (u, v^; 1/2, ^)AT^(1 + I) 1 / 2 (6.85) 
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Note that all asymptotic series S±, £2, ••• allow the term by term differentiation 
(because of it is sufficient take the finite number terms in asymptotic expansions 
for our kernels and for expansions of the Bessel function this fact is known very 
well). In particular, £3 is the asymptotic series with the main term — J^^^p and 

£[,T>' 2 are the asymptotic series with the main terms of the order r -3 £ -2 , r ~ 3 r]~ 2 
correspondingly. The derivatives of q and Q, have the smaller order. 

Using the fact that JpU -1 sinaudu is bounded for all positive P, r and a, we 
find the estimate 0(T _2 £ -3 ) for the last integral in (6.85). So the result of the 
integration over 77 gives not larger than 

1 1 [t +s 

l5 -^- 1+ . lAm{u ' ii^w2 ;1A,y)l x f^e L ^ sinh "/ 2 ^ « 

1 



Finally, the second integral is 0(7^2) = O(^); it gives us (6.80). 
6.5.7. The second sum with wq (n ^ N — 1). 
Proposition 6.7. Let wq be defined by (6.73); then 

d(n)d(N - n)wo(J^) « exp(-T 3 / 4 t- 3 / 2 ) (6.86) 



n<N- 



Really, we have (see (5.89)) 



A)o(r,cos£/2;i/2,i/2) 



2£ 
tanh^/2 



KoH), ^ £ < 3tt/4. 



(6.87) 



Let £ be defined by the equation cos£/2 = ^J^^ 1 then we have £ ^> y ^jf 1 ^ 

TV -1 / 2 and it means that £ > T' 1 ^^ 3 / 2 since N ^ N = T x l 2 t 3 . 

We can assume r ^> T; then r£ ^> j" 1 / 4 - 6 ^- 3 / 2 anc [ (6.86) follows after any 
rough estimate of the result of summation and integration. 

6.5.8. The sum with w\. 
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Proposition 6.8. Let w\ be defined by (6.67) with F^,i instead of f; then 

^2 d(n)d(n + N) Wl (J^) « exp(-T). (6.88) 

This estimate follows from (5.82) and the definition of Q(r). We have Q(r) <C 
exp(— T) for r ^ T and at the same time 

An(r,sinh£/2;l/2,l/2) « - ^ vfoofrfl « exp(-Trr). (6.89) 

2 cosh 7rr 

It is sufficient for n ^ NT M for any fixed M ^ 2. For very large n we integrate 
the first term from (4.10) on the line Im = — 1/2 — £q and the second one on the 
line Imr = 1/2 + £q with small positive eo. Due to the multipliers (^) ±zr * in the 
denominator it ensures the convergence and we come to (6.86) again. 

6.5.9. The first term of the convolution. 

Proposition 6.9. Let Wn,i denotes the first integral on the wright side (6.66) for 
the case f = F/v,z(r); then we have 

|^|«^- (6.90) 

The part of this integral with |r| ^ T is exponentially small because of the 
smallness ft. For r » T we use the asymptotic expansion (5.29), 

An(r,sinh£/2;l/2,l/2) = -1 y^tanh^ ^oK) €i + (v^o(rfl)%}, 

(6.91) 

where £j are the polynomials in r -2 of the degree ^ 2 (all other terms give o(l) 
in the final result). 

Firstly we consider the integral over r in the finite interval (T, P). 

We write 

rY (rO = ±2-rYM), |V^oM = ^^oK) (6-92) 
and integrate by parts from T up to P. 
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The integrated terms at r = T are exponentially small and at r = P we have 
the main term 

r" 

(ci(iV)+ — (l/2+iP))(2C 1 tanh£/2) 1/2 PY 1 (P£)S 1 (P)q(P)n(P)t&nh7rP, (6.93) 

where ci(iV) is the linear function in log N. 
Here 

pyi(PO = -^y (PO (6.94) 

and we can integrate by parts over £. The integrated terms at £ = and at 
£ = oo are zeros (due to i/j(N1 2 sinh 2 £/2) in the integrand) and the new integral 
will contain Yq(P^) = 0(-^=). So this term give zero at the limit P — > +oc and 
it rests estimate the convergent integral 

POO POO Q p/ p/ 

/ / r yi(rO^-{(ci(iV) + — (1/2 + ir) + — (1/2 - ir))£igQtanh7rr} x 

^oi(^^^; 1/2, ^(M 2 sinh 2 ^/2)( S inh^/2)- 2iT °(^) 1 /2^ rfr (5.95) 

(we change the variable x in the definition (6.54) by sinh£/2). 

Here the derivative in respect to r equals 2 — ^ + so after one additional 
integration by parts we come to the expression 

r^rOj^lMAT) + ^(1/2 + ir) + ^(1/2 - zr))£: 1 gOtanh 7 rr} = 



= r 1 ^o(rO(^ L + •••)• (6-96) 



,4ai 



r 



3 



Since the kernel Aq\ is bounded here (for the real u and v = 1/2 + it, t ^> 1), 
the result integration over £ is not larger than 



-^2" y o smh ^ ^3~- ( 6 - 97 ) 

Exactly by the same way we estimate the integral with (y/£Yo(r£)y ; using the 
second equality from (6.92) and integrating by parts we come to the integral with 
integrand 

^ Y o(rO§^{Mci(N) + L(i/ 2 + ir) + ^(1/2 - zr))£ 2 gQtanh7rr}. (6.98) 
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Here £ _1 £2 = + + ...,so we have the considered integral with the 
additional multiplier r 2 in the denominator. 

It is obviously that the same estimate is valid for the second integral in (6.66) 
for the case / = F n j. 

6.6. The union of estimates. 

Lemma 6.6. Let p,v and the initial function h are taken with conditions of sub- 
section 3.1; then we have 

J (Z^ d \p, v- 1/2, 1/2)1^, h x ) + Z^ c \p, v- 1/2, l/2\h + h^uj^p) dp = 

(1/2) 

0(T 1+£ ) + {contribution of poles Z(p; v,l/2 + ir)} (6.99) 

For our specialization the coefficient hi is exponentially small for Xj ^ Tq — 
2T 1+£ (lemmas 6.5 and 6.4 together with representation (4.17)). 

The explicit averaging and the replacement of the inner sum over large >Cj by 
the convolution gives for this sum the estimate (the main term of this convolution 
is (6.80)) 

T °( E / A 01 (u,VN;l/2,v)h(u)d X (r)\) «Tlog 4 T. (6.100) 

All other terms from the convolution give 0( lo |,3 T ^2 n ^ Nq d ^ ) <C T _3+£ (the 
union of (6. 76), (6. 79), (6. 86), (6. 88) and (6.90)). So the main contribution gives the 
sum with the coefficient ho. 

For this sum we have (lemmas 6.2, 6.2) the estimate 

| J Z( d \p,v;l/2,l/2\h ,0)u; T {p)dp\ <C 

(1/2) 

«log 2 T £ ^(1/2) +T J2 ^^2^^ 2 (V2) (6.101) 

with R = Tq^ 2+£ . Using the asymptotic formula (58) from [8] we see that the right 
side is 0(T 1+£ ) for any fixed s > 0. 
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6. 7. The contribution of the poles Z(p;u, 1/2). 
Estimating the integrals 



Z^ c \p, v- 1/2, l/2\V)u T ( P )dp = 




Z(p; u, 1/2 + ir)Z(l/2; 1/2, 1/2 + ^O p^ ^(p) dr dp, (6.102) 

we can assume that for the case j = the integration over r have been done on 
the segment |r| ^ 2Tq and for the case j — 1 - on the line segment r ^ To — 2T 1+£ , 
since ho is exponentially small for r ^ 2Tq and /ii is small for r ^ Tq — 2T 1+£ . 

For the similar reason we can assume that the integration over p have been 
done on the segment (1/2 + iT - iT u 1/2 + iT + iTi) with 7\ = T 1+£ . 

Integrating over in the first line we change this segment by the new path C 
which made up of 

d: segment (1/2 + iT - iT u 2 + iT -iT 1 ),T 1 = T 1+£ ; 
C 2 : segment (2 + iT -iT u 2 + iT + iTi); 
C 3 : segment (2 + iT + iTi, 1/2 + iT + iTi). 

Two integrals over Cj with j = 1 and j = 3 are exponentially small; the integral 
over C2 have been considered early. 

Now we consider the contribution of four residues of the integrand at the points 
p = v + l/2±ir and p = 3/2 — v ±ir where Z(p; 1/2 + ir) has the simple pole. 

These residues are the following integrals: 

CP") / C(2"±2ir)C(l±2ir)^±i^x 

|t±r-T |<Ti 

x hj(r; 1/2, v\ v + 1/2 ± ir, l/2)o; T (z/ + 1/2 ±ir)dr (6.103) 

and the same integrals with v replaced by \ — v. 

Using the known estimates of zeta-function on the unit line we see that these 
integrals are not larger than 

o((log T) 10 ) / |C 4 (1 /2 + ir)hj (r; 1/2, v; v + 1/2 ± ir, 1 j2)u T {y + 1/2 ± ir) | dr. 

(6.104) 

It follows from the initial representations (2.19) and (2.20) that both functions 
hj(r; 1/2, 1/; 1/ + 1/2 ± ir, 1/2) are bounded for T - T x ^ r ^ T + T x . So we have 
the fourth moment of zeta-function and all these integrals are 0(T l+e ). 
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§7. SUM OVER REGULAR CUSP FORMS 
7.1. The integral representations for the coefficients. 

Lemma 7.1. Let the coefficient g(k) be defined by the equality (2.21) with the 
choice (3.1) for the parameters s,v,p,p and with <3> from (3.3) instead of in 
(2.21);then we have 



g(k) g{k- v, p) = (-l) fc 1 g (k; v, p) + g x {k\ v, p), (7.1) 



where 



2k — 1 f 00 

g (k;u,p) = / A 00 (i(k - 1/2), 1/2, 1/2) x 

k Jo 

x ( / A 00 (u, )h{u) dx(u)- 



- Y,(-l) l c(l)A 00 (i(l - 1/2), -L; 1/2, i/)) x-p- 1 ' 2 dx (7.2) 

1<EL v 



and 



2k — 1 

gi(k;u,p) = cosh7rtx 

x y 2 2 - 1 ^ ~ ^ ± ^ 7 (p - w , i/) 7 (l/2 - 1/2)$(2 W - 2p + 1) rf W (7.3) 

(1/2) 



The first representation follows from the equalities 
If 00 

— / A 00 (-i(k - 1/2), v^; 1/2, l/2)x— 1 = 
27r Jo 

= 7 k)j(l/2 — w, 1/2) cos7tk; sin7ru;, (7.4) 

1 f 00 1 

— / A 00 (u, 1/2, ^x-^-Va = 
2tt Jo 

= 7(p — it;, v)~f{w — p + 1/2, 1/2 + ut) cos 7r(p — it;) cos 7r(iu — p + 1/2); (7.5) 

here k ^ 2 is an integer and the last equality holds for u = — 1/2) if I ^ 1 be 
an integer. 

The function g\ is the part of (2.21) with s = p = 1/2. 
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7.2. The coefficient g\. 
Proposition 7.1. 

\gi{k-v,p)\ «/c- 3 e- T . (7.6) 

Really, the integrand in (7.5) on the line Kew = —3/2 is 0(k~ 4 exp(— 7r(r + 
2|w|)) \p — w\ 5 ) for Imw < 0, 0(k~ 4 e~ 7TT r 5 ) for ^ Imw ^ r — t and 
0{k~ A e-^^ w \ + ^\w\ b ) for Imw >r-t. 

The sum over regular cusp forms with this coefficient g\ gives o(l) into the 
final result. 

7.3. The kernel A 00 (i(k - 1/2), x; 1/2, 1/2). 

We substitute in (4.8) r = z(fc — 1/2) with an integer = 1/2 and s = 1/2 + e; 
taking the limit s — > we come to the definition 

4, (t(fc - 1/2), x; 1/2, 1/2) = 2^(^(1) - Y -{k))F(k, 1 - k; 1; 1 - z 2 )- 

- - z 2 | £ F(/c + e, 1 - k + e; 1 + 2e; 1 - x 2 ))| £=0 (7.7) 

It follows from this equality that two functions 



v = v / 2tan^/2A o(?(/c - 1/2), cosf/2; 1/2, 1/2), 

v = v^tanhf^AooWfc - 1/2), cosh^/2; 1/2, 1/2) (7.8) 
are the solutions of the differential equations 

v" + ((fc - 1/2) 2 + -;4t7)» = 0, 5" + (-(*- 1/2) 2 + -7^72")* = 0. (7.9) 

4 sin £ 4smh £ 

Lemma 7.2. Lei & 6e sufficiently large; then for ^ £ ^ 37r/4 we have the 
asymptotic series 

- 7iV2tanf/2,4ooWfc - 1/2), cos£/2; 1/2, 1/2) = 

= ^ y "((*-l/2)«)E(fc^ F + 

n^O V 1 ' 

WO 



(VtY ((k- 1/2)0/ E (Jfc _ W i/2)2n » ( 7 - 10 ) 



where ao = 1 and a// a n , £ 1 6 n u>i£a 1 ^ n ^ M are bounded smooth func- 
tions for any fixed M ; furthermore, we have the expansion of the same form for 
(2t&n£/2)- 1 / 2 A 00 (i(k - 1/2), sin£/2; 1/2, 1/2), s£ £ ^ 3tt/4. 
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Lemma 7.3. Let k be sufficiently large;then for £ ^ we have the uniform as- 
ymptotic formula 

V / 2t^£72 A 00 (i(k - 1/2), cosh£/2; 1/2, 1/2) = 2^K ((r - 1/2)0(1 + 0(i)). 

(7.11) 

The proofs may be omitted for both lemmas since these ones are exactly the 
same what we had in §5. 

7. 4. The coefficients go(k) with large /c's. 

Lemma 7.4. Let k ^ ko(T) = T 4 ; then we have 

J uj T {p) Y,9v(k)Y,U3lkHj,2 k {p + it)H^ (7.12) 

(1/2 ) k ^ k o 3 

To get this estimate we use the initial definition (2.21); we integrate on the 
line A = ~Rew = — 2. The integrand on this line is not larger than 

\k + w\~ 5 (\w - p\ + 1)~ 6 (\w\ + l) 4 

(we use the Stirling expansion and the estimate |$(2w)| <C |w| 2Rew_6 ). 
Consequently, we have 

IffoWl « ^ (7.13) 
It follows from the functional equation that for \p\ = o(k) 

\Hj,2k(p + it)Hj,2k(p-it)\ <C/c 2 . (7.14) 



It gives us the bound 



k 2 

fc^fco J 

for the sum (7.12). It is known [10] that 



«eIe^a ( 7 - 14 ) 



EE a i.^p(V2) « L logL (7.16) 

k^L j 



and we come to (7.12). 
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7.5. Sum with k ^ T 4 . 



"OO j 

x( / A 00 (u, - 7 =;l/2,v)h(u)dx(u)- 



Proposition 7.2. 

i J u T (p)Z^\p^;l/2,l/2\g )dp = 

(1/2) 

= E E G (*> ^ E °J,** 2* (V2) + Q(T ) (7.17) 

where ip is defined by (6. 14) and 
G(k, N, I) = (2fe ~ 1)r A 00 (i(k - 1/2), v^; 1/2, 1/2) x 

7T JO 

(r 

\J — oo 

- ^(-l) z c(/)A 00 (-i(/ - 1/2), -^; 1/2, v) J ^(^V/ 2 ^)^" 1/2_lTo (7.18) 

This representation follows from (7.2) by the same way as in Proposition 6.2; 
the part of with k ^ T 4 gives O(T ). 

7.5.1. Case 7V7 2 ^ 2. 

Lemma 7.5. For any s > £/ie pari o/ £/ie swra in (7.17) with Nl 2 ^ 2 is not 
larger than 0(exp(— t) + exp(— T £ )). 

Really, the function ^(x) is 0(exp(-(7VT) £ )) if \x - 1| ^ {NTfT' 1 . So the 
part of our integral with |7V7 2 ie — 1| ^ ^ N ^) gives the contribution 0(exp(— T £ )) 
into (7.17). 

Under the condition Nl 2 ^ 2 we have in the remaining part x ^ 1/2; but for 
these values of x we have (see (5.62)) 

\A 00 (u,^j=;l/2,i/)\ <C exp(-7rt/2) 



and the same estimate is valid if u = — 1/2) with the fixed integer /. 
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So for N <C T B for some fixed B we have for our sum the estimate 0{e~ t ). 
But for N ^> T B we can integrate over the variable u on the line Im.u = —3/2 
when the integrand contains (^) (here sin£/2 = yfx\ in terms with I-nu we 
change u by —u). For £ <C (TV/ 2 ) -1 / 2 it gives the inequality 

f°° 1 t 3 

1 y^^ooK— ^;i/2^)ft(«)rfx(«)l « ^pj372 e < 7 - 2 °) 

It means the series in N, I is convergent and we get 0{e~ l ) again. 
7.5.2. Case N = 1 = 1. 
Lemma 7.6. For any fixed e > we have 

G(fc,l,l <i 2 T/^ 7 -21 

1 V 71 \ A; log 2 T, jfe ^ T 1 /^. V 7 

It is sufficient estimate that part of integral where \x — 1| <C 

Doing the change of the variable x 1— > cos 2 £/2 for x ^ 1 and a: 1— > cosh 2 £/2 for 

x ^ 1 and using the asymptotic formulas (5. 67), (5. 59), (7. 11) and (7.10) we come 

to the integral with the main term 

/ Y ((k - l/2)0^ (tO^(cos 2 ^/2)(cos^/2)- 2ir ^^+ 
Jo 

*5 



l -J^ K ((/c-l/2)Olo(tO^(cosh 2 ^/2)(cosh 2 ^/2)- 2iT ^^ (7.22) 



+ 2 

wheTed = 6(T)= l -^f. 

In this integral Ko(t^) and lo(^0 m &y be replaced by the corresponding power 
series since <C T -1 / 4 . 

If kS(T) <C T £ both integrals here are O(^r^); it gives the second inequality 
in (7.21). 

Let now kS(T) > T e . The second integral in (7.22) is 

o( y o K ((k - 1/2)0^(1 logei + 1) do = o(^f). 

In the first integral the small interval £ ^ k £ ~ l contributes O( lo | 2 fc ). 
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If k £ 1 ^ £ ^ 5(T) we use the asymptotic expansion for Yo((k — 1/2)0- After 
that we have the integrals of the form 

J exp(±i(fc - l/2)f - 2iT logcos£/2 + log^(cos 2 £/2)) y^. (7.23) 

The point of the stationary phase is near to (2k — l)^ 1 ; for k ^ j' 1 / 2 + e this 
point lies outside of the interval (0, S(T)). So we can integrate by parts any times 
and this part of our integral is 0(k~ 2 log fe ) also. 

7. 5. 3. Sum over regular cusps. 

Lemma 7.7. For any fixed e > we have for our specialization ((3.1), (3.2) and 
the conditions for h in 3.1) 

J u T (p)zW(p,i,;l/2,l/2\go)dp « (7.24) 

(1/2) 

This estimate is the direct consequence of (7.17), (7.21), Lemma 7.5 and (7.16). 
The integral on the left side (7.24) is not larger than 

£ k log 2 T £ a jt 2kHl 2k (l/2) + J2 I E ^2 fc ft 2 , 2fe (l/2) « T 1+2£ log 3 T 

(7.25) 

(it follows from (7.16)); this inequality concludes the proof. 

§8. K AND K h - FUNCTIONS 

To finish the estimation it rests consider the average of 12 terms with TZh and 
1Z on the right side (2.57) for the case of our specialization. 

Here some terms have the poles at \i = 1/2 and s = 1/2, but the full sum must 
be regular since all other sums and integrals in this identity are regular at this 
point. 

8.1. Terms without pole at s = 1/2. 

Firstly we consider the simplest case when there are no poles at s = 1/2. 
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Proposition 8.1. For v = 1/2 + it, p = 1/2 + ir, t,T ^ oc,t = o^ 1 / 4 ) we have 
n h (l/2, v- p, 1/2) ee 2(47r)- 2 ^(2^) ^ ) j ( ^ C 4 (p + i/) = 0(t~ 6 log 6 r) (8.1) 

This equality is the result of the substitution s = /i=l/2in the definition 
(2.18); after that we use the trivial estimate £(1 + it) = O(logt). 

Proposition 8.2. For any fixed M ^ 2 we have 

W/2,»; P , mh ) = - ^ff" 1 ^) = O(^). (8.2) 

It follows from the definition and our assumptions about h. 
Proposition 8.3. For any fixed M ^ 2 we have 



lim ( 7e(p, p\ 1/2, z/|/i) + 1 - p- 1/2, z/|/i) ] = 0(t~ m ) (8.3) 

/x->-l/2 

Writing ((2p) = 2f ^_ 1 + 7 + ••• (here 7 is the Euler constant) we see that the 
left side on (8.3) equals to 

27 h(i(p - 1)) ^_~^ C(P - ^)C(1 - P + ^)C(P + * - 1)C(2 - P - 1/)+ 

Now the assertion follows since h(r) decreases more rapidly than any fixed 
degree of r. 

Proposition 8.4. Under our assumptions for h we have for any fixed M ^ 4 

K(l/2, v\ p, 1/2) = C(2^ + l) ^(-^) = )• ( 8 - 4 ) 

It is the consequence of the definition and the fast decreasing of h. 
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Proposition 8.5. Letho(r), h\{r) are the values of two integrals (2.19) and (2.20) 
for the case imr < —A; then for —1 — A < r < —A we have the analitical 
continuation 

ho(r) = ho(r) + 2 2tr T(2ir)^(p — ir, v)j(s — ir, p) cosh7rrx 

x I cos7r(p — ir) cos7r(s — ir) + sin 717/ sin 717/) 1 ^{2ir — 2s — 2p + 2), (8.5) 



h\(r) = h\(r) + 2 2tr T(2ir)^(p — ir, v)^y(s — ir, fi) cosh7rrx 

x I cos 7r(s — ir) sin nv + cos ir(p — ir) sin irp, 4?(2ir — 2s — 2p J r 2). (8.6) 



Really, these integrals (for < A < 1/2) define the even regular functions in 
the strip Imr < A. Writing 

, , , n -x 2 2w ~ 1 r(w + ir^l)F(w -ir^l) 

7 K 1/2 + ir) = V r — / r- 1 (8.7) 

7T [w + zr)(w; — ?r) 

we come to the Cauchy type integral. We have two simple poles at w = ±ir. 
When Imr is near to — A we deform the path of the integration so that the point 
ir lies to right on the path. When Imr < —A we can take the initial line as the 
path of the integration; it gives us the relation 



ho(r) = ho(r) + 27riRes w= i r ^— i(the integrand) J (8.8) 
and we get (8.5) and (8.6). 

Proposition 8.6. Under assumptions of subsection 3.1 we have 

n(p, v- 1/2, l/2|/i + h x ) = 0(t~ 5 log 2 r), (8.9) 



U{p, 1 - 1/; 1/2, l/2\h + h x ) = 0{t~ 5 log 2 r). 



(8.10) 
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First of all (we use (2.49) with s = p = 1/2) 



n(p : v- 1/2, l/2\h 3 ) = 2 \)* /^ ,.( C 2 (l " P + v)( 2 (P ~ y) hMP ~ " ~ 1/2)) 



, C(2p-l)C(2i/) A2< 
C(2- 2p + 2v) 

= 0(r 3 / 2 log 2 r)|^-(*(p-i/-l/2))|. (8.11) 

Now for /V,-, j = or j = 1, we use (8.5)-(8.6). In these equalities we have 
for difference hj - hj the bound 0(r~ 3/2 ) \4f(2v - 4p + 2)| = 0(r~ 13/2 ) since 
|£(2w)| <C H 2Re ™- 6 . 

So it rests estimate the integrals hj at the point r = i(p — v — 1/2). 

We have 

Mi(p-„-i/2))=' /-r( ro + p-,-i/2)r( P - ro + ,-i/2) 

7T^ 7 COS7T(p — U! — Z/) 

(A) 

x Sj{w,p,v)${2w - 2p + l)dw, (8.12) 

where it is assumed < A < 1/2 and 

S = -2 2 p~ 2w ~ 4 ( s i n 7r(p + w ) + sin 7r(3w - p) + 2 sin tt(z/ + w) + 2 sin 7r(zv - w )^j , 

(8.13) 

S 1 ! = 2 2p ~ 2w ~ A [ sin7r(u; + p - 2i/) + sin7r(u; + 2z/ - p) + sin7r(2p - i/ - w)- 

— sin 7t(k; + p) — sin 7t(k; — p) + sin 7r(w — i/) J . (8.14) 



Firstly we consider the integral /z-o- 

Let us write w = A + irj; then for p = 1/2 + ir, v = 1/2 + it we have the 
following estimate for the integrand: 

x (\rj + r - *| + l) A - 1 (|r - 77 + t| + 1)- A (M + l)" 2A (k - r| + 1) 2A ~ 6 (8.15) 
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where 



M = 1 77 + r - t\ + \t - 77 + t| + 2|t/| - 2|t - 77 - t| - 2max(|r - 377 1, \r + 77D) 

(it follows from the Stirling expansion and from our construction of 3>). 

If 77 ^ — 2r or 77 ^ 2r this estimate gives not larger than 0( |7y| T ) and this part 
of our integral is 0(r~ 6 ). 

Now for — r + t ^ 77 ^ we have the exponential multiplier exp(— 7r(r — £ + 77)), 
for ^ 77 ^ t — t there is exp(— tt(t — t — 77)) in the integrand, for r — t ^ 77 ^ r this 
multiplier is 0(exp(— 7r(r] — r + £))) and for r ^ 77 ^ r + £ we have the multiplier 
exp(— 7r(r + 1 — 77)). This exponential multiplier equals to 1 for 77 ^ — r + t and for 
77 ^ r+£; it is exponentially small for 77 G (— r+t, r+t). So the parts of our integral 
with — r + t + 2 log t^tj^t — t — 2 log r or r — £ + 2 log T^rj^T + t — 2 log r 
give the small contribution. The part of this integral with 77 ~ — r is 0(r -5 ). 

Finally, for 77 ~ r we move the path of integration on the line Hew = 2. The 
residues at w = p ± — 1/2) give 0(r -3 / 2 1 -11 / 2 ) and the result of integration 
over the line Kew = 2 is 0(r~ 3 1~ 2 ). 

We have the similar situation for the case j = 1. The integrand contains 
the multiplier exp(— tt 1 77 1 ) for 77 ^ ^(r — t), the multiplier exp(— 7r(r — t — 77)) for 
|(r — £) ^ 77 ^ r + t and exp(— 2^(77 — r)) for 77 ^ r + t. 

It means this integral is determined by two intervals: \rj\ ^ 2 logr and \rj — r + 
t| ^ 2 logr. In the case w m p — is we integrate over the line Rew = 2 and the 
pole at k; = p — 1/ + 1/2 contributes 0(r _3 / 2 /j -11 / 2 ) again. 

Together with (8.11) the estimates of \hj\ give (8.9) and (8.10). 

8.2. Terms with pole at s = 1/2. 

Proposition 8.7. Under our assumptions for h we have 



+ 1l(s, 7/; p, is\h + /Vl) + ft(s, 1 - 7/; z/|/i + hi = 0(/T 5 log 2 r) (8.16) 




lim 7^(p, 7/; s, 1/)) + 7^(p, 1 - s, 1/)+ 



Here two first terms have the pole at s = 1/2, since 



K h (p, p- s, is) = 2C(2 S )(47r) 2 ^ 2 ^- 1 d(27/ + 1 - 2p) 



C(2m) 



Z{s + p-p,v) (8.17) 



C(2s + 2p) 
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(sum 7Zh{p, p\ s, v) + 1Zh{p, 1 — M; s, v) has no pole at p, = 1/2). 

To see that sum in (8.16) has no pole at s = 1/2 we transform the expression 
for 1Z. By the definition, 

n(s, p\ p, vlho+h!) = 2 ^^JJ^ Z ^ »> s- M )(/i +/ii)(i(s-M-l/2)). (8.18) 

First of all we have (we use (8. 6), (8. 7) and the definition (1.31)) 

(ho + fri)(*(s - /i - 1/2)) = (/io + - M - 1/2)) + 

+ 2 2 ^- 2 ^- 4 r(2 *~ 1} r(p + i/ + S - l)r(p - i/ + * - p) x 

7TCOS(s — /i) 

x (sin 7r(2s — //) + sin np) (sin 7r(p + s — p) + sin 7r^) $(2// + 3 — 4s — 2p) (8.19) 

(the functional equation for gamma-function have been used here). 

The last term has the pole at s = 1/2 also; it compensates the pole from IZh- 
The following identity follows from the Riemann functional equation and the 

doubling formula for the gamma-function. 

Proposition 8.8. 

(sin 7r(p + s — p) + sin 7r^)r(p + v + s — p — l)T(p — v -\- s — p)Z(p; v, s — p) = 

= h27r) 2p+2s - 2 ^- 1 Z(l -s + p;p,is) (8.20) 

Really, changing zeta-functions of arguments p — v + s — p and p + v + s — p— 1 
by the functions at 1 — p + v + p — s and 2 — p— v + p — s correspondingly we get 

Z(p;v,s-p) = ((p + v-s + p)((p-v + s-p)((p+v + s-p-l)((p-v-s + p + l) 

= Z(l - s + p\ p,v)x 

x t 2p +2s -2m-2 r((l ~ g + 1/ + P ~ g)/2)r((2 - p - V + ^ - 8)12) 

r((p-i/ + s-/i)/2)r((p + i/ + a-/i-l)/2) l " j 
Now the doubling formula gives 

r(p + 1/ + s - fj, - i)r(p - 1/ + s - aO = 7r- 1 2 2p+28 - 2/i - 3 r((p + 1/ + s - ^ - 1)/2) 

x r((p + i/ + s - p)/2)Y((p -v + 8- p)/2)Y{{p -v + s-p,+ l)/2) (8.22) 
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and we have (using the functional equation for gamma-function again) 
V(p + v + s - p - l)r(p - v + s - \i)Z{p\ v,s - p) = 

( 27r )2p+2 S -2 M -l 



sin7r(p + v + s — p)/2 shi7r(p — i^ + s — p + l)/2 

this equality coincides with (8.20). 

We see now that the coefficient in front of C(2s) equals to 

o C(2p) 



Z(l -s + p;p,*/); (8.23) 



C(l + 2p) 



(4 7r )2p-2M-i$( 2 // + 1 - 2p)Z(p + 1/2; p, i/) + (s - l/2)n(p, i/)... 

(8.24) 



and the coefficient in front of T(2s — 1) equals to (note that £(0) = —1/2) 
'C(l + 2/x) 



2 77T^7TT ( -(47r) 2 ^- 2 ^- 1 d(2p + 1 - 2p)Z(p + 1/2; p, i/) sin7rp+ 



+ (s-l/2)r 2 (/i,i/)...J, (8.25) 

where ?r(p, z/), r2(p, are regular at p = 1/2. 

It means there is the limit s — > 1/2 (8.16) and it has the form 

C(2p).F(p, P) + C(2 - 2p)J^(l - p, p); 

here JF(p,p) is regular at p = 1/2 and contains the product of four zeta- functions 
on the unit line (and the derivative of this product). 

Now the existence of the limit p — > 1/2 is obvious; there is no need to calculate 
the explicit form of this limit. One can see that the result contains the derivatives 
of zeta-functions of the order ^ 2 and the derivatives of <I> at the point 2 — 2p 
of the order 0,1,2. Since these last derivatives have the same order as <£> (each 
differentiation gives the additional multiplier O(logr) only) we get the estimate 
0(t~ 6 log 6 r) for this limit. 

It rests estimate two terms with (ho + h\)(i/2). We have h\(i/2) = and (for 
s = p= 1/2) 

2 2 p~ 2w ~ 1 f cos7r(p — w) simrw + shi7r^ 



~ho(i/2) = : / 

ITT J 



(2w — 1) COS 7TW 

(A) 



X 



xT{p-w + v- l/2)r(p - w - v + l/2)$(2io - 2p + 1) dw. (8.26) 
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The part of this integral with \w\ ^ (1 — 8) r with some fixed (small) 8 > is 
0(t~ 6 logr). For rj ^ (1 — 8) r (here rj = Rew) we have 

|r - rj + t\ + |r - rj - t\ - 2\r - rj\ = 0, (1 - £)r ^ 77 ^ r - t, 

= 2fa - (r - *)), r-t ^77^r, 
= 2(r + t-r)), t ^ 77 ^ r + t, 

= 0, T/^r + t. 

It means thar our integral is determined by the interval \r — t — rj\ ^ 2 logr 
ang by half axis rj ^ r + 1 — 2 log r . For this rj we can integrate over the line A = 0; 
since for both cases \w — p\ ^ t we have 

\h (i/2)\<^r- 1 t- 5 . (8.27) 

Taking into account that 

\Z(p;v,0)\ <C r log 2 r, (8.28) 
we come to the final estimate (8.16). 

§9. THE LINDELOF CONJETCTURE 

It rests collect together all previous estimates to finish the proof of (0.2) and 
(0.3). 

As it had been shown in subsection 3.1 the result of the averaging of the left 
side of our main functional equation (2.57) for the special case p = 1/2 + ir, v = 
1/2 + it,s = p = 1/2 for any positive (small) 8 and for any fixed M ^ 1 is not 
smaller than 

T[J2*j\n J (v)\ 2 h(x J )+ 

1 ,~ | ((n .r)((,-ir)f \ 

*J-oo IC(l + 2ir)|" ll ( r > dr )+°W >> 

yyT/AjZ^m^h^ + I-j^ K(V ^ v ^ r)? Kr)dr (9.1) 
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If S <C (logt) 2 the last integral is not smaller than 

(M0)/3tt)T5 3 |C(1/2 + ^)| 4 . (9.2) 
On the other side this average is not larger than 

log 2 T £ atfdm + T £ aj ^^(l/ 2 )+T^+ 

(Lemmas 6.1, 6.2, 6.6) 

+ log 2 T J2 kJ2«j,2 k nl 2k (l/2) +T J2 1^ £ a ^«?,2*(l/2)+ 

(Lemma 7.6; here k = T 1+£ , k x = T 4 ) 

log 5 
+0(T^)+ 

(Propositions 8.6, 8.7) 

+ {terms of the smaller order}. 

All listed sums are 0(T 1+£ ) for any fixed e > 0. Consequently (we take 5 = 
(logt)- 2 in (9.2)), 

|C 4 (l/2 + ^)|«T £ (9.3) 

and for every fixed j ^ 1 

|^(l/2 + ^)| 2 «f. (9.4) 

The unique condition for t is t = c^T 1 / 4 ); so, supposing £ = T 1 / 8 we come to 
(0.2) and (0.3). 

§10. SOME CONCLUDING REMARKS 

I had been writing this work many years. The plans of the proof had been 
changed many times. Some parts had retained, the others were written anew. 

Now the potential reader has the definitive text. May be, it would be useful to 
indicate the crucial points of the proposed proof. 
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Of course, the base of the whole construction is the the fore-trace formulas 
(1.13) and (1.25) which are well known today. 

The first crucial point is the regularization (2.11) where the coefficients are 
defined by (2.10). This simple trick took off many problems with the convergence 
and it is hardly understand why this method was not used early. 

The idea of the special averaging of the main functional equation (2.61) (when 
the unknown quantity - namely, |C(l/2 + it)\ 4 - is the coefficient in front of large 
parameter) is blowed by the proof of the Dirihlet formula for number of classes. 

To realize this idea the new representations (4.17) are necessary (together with 
the initial expressions (2.19) and (2.20)). 

The whole technical §5 must be outside of this work. This section may be 
considered as the supplement to the Erdelyi-Bateman handbook; one can compare 
our approach with text on the pages 602-643 in [14]. 

The real crucial step is the replacement of the summation over the discret spec- 
trum (with very large Xj) by the integration over this variable. The replacement 
of the sum of the quatities (6.52) over the full spectrum by the sum (6.72) allows 
us use my convolution formulas and, as the result, to finish estimates. 
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